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Exercise 1 - Recognizing an abstract language

1. Let ℰ be a finite set of linear terms on 𝑇 (ℱ, 𝒳). Prove that

Red(ℰ) =def {𝐶[𝑡𝜎] | 𝐶 ∈ 𝒞(ℱ), 𝑡 ∈ ℰ, 𝜎 ground substitution}

is recognizable.
2. Prove that if ℰ contains only ground terms, then one can construct a DFTA

recognizing Red(ℰ) whose number of states is at most 𝑛 + 2, where 𝑛 is the
number of nodes of ℰ.

Exercise 2 - Decision problems

Let ℱ a signature. We consider the Ground Instance Intersection (GII) problem:
Input : 𝑡 a term in 𝑇 (ℱ, 𝒳) and 𝒜 a NFTA.
Question : Is there at least one ground instance of 𝑡 accepted by 𝒜?

1. Suppose that 𝑡 is linear. Prove that (GII) is P-complete.
Hint: The emptiness problem for tree automata is P-complete.

2. Suppose that 𝒜 is deterministic. Prove that (GII) is NP-complete.
3. Prove that (GII) is EXPTIME-complete.

Hint: For the hardness, reduce the intersection non-emptiness problem (admitted
to be EXPTIME-complete).

4. Deduce that the following problem is decidable:
Input : 𝑡 a term in 𝑇 (ℱ; 𝒳) and linear terms 𝑡1, …, 𝑡𝑛.
Question : Is there a ground instance of 𝑡 which is not an instance of any 𝑡𝑖?
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Exercise 3 - Residuals

Exercise from January 2023 exam.

For ℱ = {𝑓(2), 𝑎(0)} and 𝑛 > 0, let 𝐿𝑛 be the language of trees that have at least
one branch of length exactly 𝑛, i.e.

𝐿𝑛 =def {𝑡 ∈ 𝑇 (ℱ) | ∃𝑝 ∈ Pos(𝑡) : |𝑝| = 𝑛 − 1 ∧ 𝑡(𝑝) = 𝑎}

e.g. 𝑓(𝑎, 𝑓(𝑎, 𝑓(𝑎, 𝑎))) ∈ 𝐿3 because it contains one branch of length 3 (as well as
one of length 2 and two of length 4).

1. Give a bottom-up NFTA for 𝐿𝑛 with 𝑛 + 1 states.
2. Show that the minimal DFTA for 𝐿𝑛 has at least 2𝑛−1 states.

Hint: For 𝐼 ⊆ {2, …, 𝑛}, build a tree 𝑡𝐼  that has a branch of length 𝑖 iff 𝑖 ∈ 𝐼 .

Let 𝐿 ⊆ 𝑇(ℱ) be a language of trees and 𝐶 ∈ 𝒞(ℱ) a context. The residual of 𝐿 by
𝐶 is defined as

𝐶−1𝐿 =def {𝑡 ∈ 𝑇 (ℱ) | 𝐶[𝑡] ∈ 𝐿}.

We define 𝑅(𝐿) =def {𝐶−1𝐿 | 𝐶 ∈ 𝒞(ℱ)} as the set of residuals of 𝐿.

3. Show that if 𝐿 is recognizable, then |𝑅(𝐿)| is finite.

Homework - Direct images of a homomorphism

Let ℱ = {𝑓(2), 𝑔(1), 𝑎(0)} and ℱ′ = {𝑓 ′(2), 𝑔(1), 𝑎(0)}. Let us consider the tree
homomorphism ℎ determined by ℎℱ defined by

ℎℱ(𝑓) = 𝑓 ′(𝑥1, 𝑥2)
ℎℱ(𝑔) = 𝑓 ′(𝑥1, 𝑥1)
ℎℱ(𝑎) = 𝑎.

1. Is ℎ(𝑇 (ℱ)) recognizable?
2. Let 𝐿 = {𝑔𝑖(𝑎) | 𝑖 ≥ 0}, then 𝐿 is a recognizable tree language. Is ℎ(𝐿)

recognizable?
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