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TD 5: CTL
Solutions

Exercice 1

The models satisfying the formulas are the following:

1. AGAFq: M2

2. EGEFq: M1,M2,M3

3. AFEGp: M1,M2

4. AGEFq: M1,M2,M3

Exercice 2

1. AG(EF p) ⇒ EF p

2. EG q ∨ (EG p ∧ EF q) ̸≡ E(p U q).

Exercice 3

1.
E ((a1 ∧ a2) U (b1 ∧ E(a2 U b2))) ∨ E ((a1 ∧ a2) U (b2 ∧ E(a1 U b1)))

2.

∨
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E
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ψi ∧ φ U (ψ′
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∧ E(
∧
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∧ · · · U (ψ′
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
of size O(n!).

3.
E(X a ∧ (b U c)) ≡ (c ∧ EX a) ∨ (b ∧ EX(a ∧ E(b U c)))

4. ∨
S∈2{1,...,n}
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ψ′
i ∧

∧
i ̸∈S
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′
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
provides CTL+ formula of size O(2n).
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5.

A((F a ∨ X a ∨ X¬b ∨ F¬d) ∧ (d U ¬c))
≡ ¬E¬((F a ∨ X a ∨ X¬b ∨ F¬d) ∧ (d U ¬c)) (Aφ ≡ ¬E¬φ)
≡ ¬E(¬(F a ∨ X a ∨ X¬b ∨ F¬d) ∨ ¬(d U ¬c)) (De Morgan)

≡ ¬E((¬F a ∧ ¬X a ∧ ¬X¬b ∧ ¬F¬d) ∨ ¬(d U ¬c)) (DeMorgan)

≡ ¬E((G¬a ∧ X¬a ∧ X b ∧ G d) ∨ ¬(d U ¬c)) (¬F¬φ ≡ Gφ et ¬Xφ ≡ X¬φ)
≡ ¬E((G¬a ∧ X¬a ∧ X b ∧ G d) ∨ ((d ∧ c) U (¬d ∧ c)) ∨ G c)

(¬(φ U ψ) ≡ ((φ ∧ ¬ψ) U (¬φ ∧ ¬ψ)) ∨ G¬ψ)
≡ ¬E(G¬a ∧ X¬a ∧ X b ∧ G d) ∧ ¬E((d ∧ c) U (¬d ∧ c)) ∧ ¬EG c

(E(φ ∨ ψ) ≡ Eφ ∨ Eψ)

≡ ¬E(G(¬a ∧ d) ∧ X(¬a ∧ b)) ∧ ¬E((d ∧ c) U (¬d ∧ c)) ∧ ¬EG c
(Gφ ∧ Gψ ≡ G(φ ∧ ψ) et Xφ ∧ Xψ ≡ X(φ ∧ ψ))

≡ (a ∨ ¬d ∨ ¬EX(¬a ∧ b ∧ EG(¬a ∧ d))) ∧ ¬E((d ∧ c) U (¬d ∧ c)) ∧ ¬EG c
(equ. (2))
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