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EVALUATION PROBLEM

* Input: G a (2,1)-graph and & a weighted tiling system (WTS)

* Problem: Compute [T [[(G)

|

Semiring Arbitrary
Boolean GO v A O] NP-complete COUNTING
ACCEPTING RUNS
Natural N X () #P-complete

fisin#P it f(x) = #4(x)

number of accepting runs of a PTime TM . on input x

* Permanent is #P-complete (even for {0,1}-matrices)
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EVALUATION PROBLEM

* Input: G a (£,1")-graph and " a weighted tiling system (WTS) (weights in binary)

* Problem: Compute [T [[(G)

fisin#P it f(x) =
fisin GapP it f(x) =

M (x)

M (X)

Semiring Arbitrary graphs
Boolean ({O,l }, el A ,O,l) NP-compIete COUNTING
ACCEPTING RUNS
Natural (N, +, x,0,1) #P-complete |
DIFFERENCE
Integer (Z. %, X ) ACCEPTING/REJECTING
GapP-complete A
Rational (Q, +,x,0,1)

number of accepting runs of a PTime TM . on input x

A (x) (accepting - rejecting) runs of a PTime TM .Z on input x
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* Input: G a (2,1)-graph and & a weighted tiling system (WTS) (weights in unary)
* Problem: Compute [T [[(G)

Upper bound: (ZU {—o0}, max, +,— 00,0)

« Compute m = | V.| X minweight and M = | V5| X maxweight
« Binary search in [m,M] :
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« Compute m = | V.| X minweight and M = | V5| X maxweight
« Binary search in [m,M] :

call an NP machine to check if there is some p: V., = Q with weight(p) > k

Lower bound:

» Cligue number is FPY!%¢l complete

fe FPNIeel if f(x) computed by a PTime TM . with log | x| many queries to an NP machine
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COMPUTING THE CLIQUE NUMBER

(NU {—o0}, max, +, — 00,0)
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EVALUATION PROBLEM: TROPICAL SEMIRINGS

* Input: G a (2,1)-graph and & a weighted tiling system (WTS) (weights in unary)
* Problem: Compute [T [[(G)

Semiring Arbitrary graphs
max-plus-N (NU {—00},max, +, — 00,0)
max-plus-Z (Z Uit—0o},max, +.— o0,0)
FpPNPloel _ complete
min-plus-N (NU {+0o0}, min, + , + 00,0)
min-plus-Z (ZU {+co}, min, +, + 00,0)

fe FPNIeel if f(x) computed by a PTime TM . with log | x| many queries to an NP machine
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EVALUATION PROBLEM: BOUNDED TREE-WIDTH

* Input: G a (2,1)-graph and & a weighted tiling system (WTS)
* Problem: Compute [T [[(G)

* Words a—->b—->b—o>a—->b-oa—a

 Trees / \

» Mazurkiewicz traces “ ol b a
d 48
« Message sequence charts b b a b b

e Nested words

b
* Multiply nested words /b/\\A =

a— b —

 Pictures (grids)

31




EVALUATION PROBLEM: BOUNDED TREE-WIDTH

* Input: G a (2,1)-graph and & a weighted tiling system (WTS)
* Problem: Compute [T [[(G)

e Words
e Jrees
e Mazurkiewicz traces

« Message sequence charts

e Nested words
* Multiply nested words

 Pictures (grids)
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EVALUATION PROBLEM: BOUNDED TREE-WIDTH

* Input: G a (2,1)-graph and & a weighted tiling system (WTS)
* Problem: Compute [T [[(G)

Evaluation with fixed bound on tree-width '/

 Words it :
e Linear in G ‘
* Trees te Polynomial in & |

e Mazurkiewicz traces

« Message sequence charts

e Nested words
* Multiply nested words

 Pictures (grids)
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EVALUATION PROBLEM: BOUNDED TREE-WIDTH

* Input: G a (£,1")-graph of tree-width < k and I a weighted tiling system (WTS)
* Problem: Compute [T [[(G)

Get a tree decomposition using Bodlander’s algorithm O(|G|)
Extract a tree term 7 O G|)
Construct a weighted tree automaton & from  s.t. [Z]l(z) = [T I(G) ks |@(k>

e Guess the state for each node of G (leaf of 1)
e Maintain the tile for every “active” node

 Weight of a tile given when a node becomes “inactive”

 Weight of all other transitions is 1.

Compute [ ]|(7) O(lz|:-|AL]|)
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SUMMARY

Semiring Arbitrary Bounded Tree-Width
Boolean (O kv A Ol NP-complete
Natural (N, +, x,0,1) #P-complete
Integer (Z, £ X 0. 1)
GapP-complete
Rational (Q, +,%,0,1) Linear in the graph G

max-plus-N

(NU {—o0}, max, +, — 00,0)

max-plus-Z (ZU{—00}, max, +, — 00,0)
min-plus-N (N <, {+00}, min, + , + 00,0)
min-plus-Z (ZU {+o0}, min, +, + 00,0)

FpNPloel — complete
weights in unary

Polynomial in the WTS
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SUMMARY

fHardness holds even}
. with a fixed WTS §

Arbitrary /l Bounded Tree-Width

Semiring

Boolean (O kv A Ol NP-complete

Natural (N, +, x,0,1) #P-complete

Integer (Z, £+ X0 1)

GapP-complete

Rational (Q, +,%,0,1)
max-plus-N (N U {—Oo}, Hax . — Oo,())
max-plus-Z (ZU{—00}, max, +, — 00,0)

FpNPloel — complete

min-plus-N (NU {+00},min, +, + 00,0) weights in unary
min-plus-Z (ZU {+00}, min, +, + 00,0)

Linear in the graph G

Polynomial in the WTS
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DISCUSSION

* Acceptance conditions: #tile; 4 #tile, = #tiles
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DISCUSSION

* Acceptance conditions: #tile; 4 #tile, = #tiles

» Decision problems: [T (G)| X swith e {>,>,<,<,=,# }ands €S
» Constraint satisfaction problem (CSP) and quantitative extensions

« Boolean CSP existence of a solution

« #CSP number of solutions

 valued-CSP min cost of a solution
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OPEN PROBLEMS

* Tropical semirings with weights encoded in binary?

» Parametrised complexity for bounded tree-width? FPT?

« Can we use techniques from quantitative CSP?




