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OTHER STRUCTURES
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• Trees 

• Mazurkiewicz traces 

• Message sequence charts 
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WEIGHTED TREE AUTOMATA

T

Naive evaluation: 𝒪( |T | ⋅ |Q ||T| )
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A run on a tree  is a map T ρ : Nodes → States

𝗐𝖾𝗂𝗀𝗁𝗍(ρ) = ∏𝗐𝖾𝗂𝗀𝗁𝗍(𝗍𝗋𝖺𝗇𝗌𝗂𝗍𝗂𝗈𝗇𝗌)

[[𝒜])(T) = ∑
ρ

𝗐𝖾𝗂𝗀𝗁𝗍(ρ)
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 run on  with state  at the rootρ T q
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EVALUATION PROBLEM: COMPLEXITY?

• Words 

• Trees 

• Mazurkiewicz traces 

• Message sequence charts 

• Nested words 

• Multiply nested words 

• Pictures (grids)

Boolean = ({0, 1},_,^, 0, 1)

Natural = (N,+,⇥, 0, 1)

Integer = (Z,+,⇥, 0, 1)

Rational = (Q,+,⇥, 0, 1)

max-plus-N = (N [ {�1},max,+,�1, 0)

max-plus-Z = (Z [ {�1},max,+,�1, 0)

min-plus-N = (N [ {+1},min,+,+1, 0)

min-plus-Z = (Z [ {+1},min,+,+1, 0)
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EVALUATION PROBLEM

• Input:  a -graph and  a weighted tiling system (WTS) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)

Naive evaluation: 𝒪( |G | ⋅ |𝒯 ||G| ) FPSpace
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EVALUATION PROBLEM

• Input:  a -graph and  a weighted tiling system (WTS) (weights in binary) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)
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Semiring Arbitrary graphs

Boolean NP-complete

Natural #P-complete
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• Input:  a -graph and  a weighted tiling system (WTS) (weights in binary) 

• Problem: Compute 
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EVALUATION PROBLEM

Semiring Arbitrary graphs

Boolean NP-complete

Natural #P-complete

({0,1}, ∨ , ∧ ,0,1)

(ℕ, + , × ,0,1)

COUNTING 
ACCEPTING RUNS

  is in #P   if       number of accepting runs of a PTime TM  on input f f(x) = #ℳ(x) ℳ x

• Input:  a -graph and  a weighted tiling system (WTS) (weights in binary) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)
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EVALUATION OVER  IN #P: (ℕ, + , × ,0,1)

Construct a PTime Turing machine  such that  

• Guess  

• Compute  

• Run  on 

ℳ #ℳ(𝒯, G) = [[𝒯]](G)

ρ : VG → Q

N = weight(ρ)

𝒜 N

from vertices of  to states of  

 in binary on a working tape 

G 𝒯

N

p q r

0, 1 | 1 0, 1 | 1 0, 1 | 1

0, 1 | 1

0, 1 | 1

1 | 1

17

  is in #P   if       number of accepting runs of a PTime TM  on input f f(x) = #ℳ(x) ℳ x
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⊥
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States:    { ⊥ , ⊤ }2

weights:  
• all valid tiles have weight 1 
• Except lower right corner

𝗐𝖾𝗂𝗀𝗁𝗍 = {1 if  ⊤
0 if  ⊥

number of satisfying 
assignments

[[𝒯]](Gφ) =

Gφ
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EVALUATION PROBLEM

• Input:  a -graph and  a weighted tiling system (WTS) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)

Semiring Arbitrary

Boolean NP-complete

Natural #P-complete

({0,1}, ∨ , ∧ ,0,1)

(ℕ, + , × ,0,1)

COUNTING 
ACCEPTING RUNS

  is in #P   if       number of accepting runs of a PTime TM  on input  

• Permanent is #P-complete (even for {0,1}-matrices) 

• #SAT is #P-complete

f f(x) = #ℳ(x) ℳ x
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EVALUATION PROBLEM

• Input:  a -graph and  a weighted tiling system (WTS) (weights in binary) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)

Semiring Arbitrary graphs

Boolean NP-complete

Natural #P-complete

Integer
GapP-complete

Rational

({0,1}, ∨ , ∧ ,0,1)

(ℕ, + , × ,0,1)

(ℤ, + , × ,0,1)

(ℚ, + , × ,0,1)

      is in #P   if                     number of accepting runs of a PTime TM  on input f f(x) = #ℳ(x) ℳ x

 is in GapP   if      (accepting - rejecting) runs of a PTime TM  on input f f(x) = #ℳ(x) − #ℳ(x) ℳ x

COUNTING 
ACCEPTING RUNS

DIFFERENCE 
ACCEPTING/REJECTING 

RUNS
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Semiring Arbitrary graphs

max-plus-N

max-plus-Z

(ℕ ∪ {−∞}, max , + , − ∞,0)

(ℤ ∪ {−∞}, max , + , − ∞,0)

EVALUATION PROBLEM: TROPICAL SEMIRINGS

• Input:  a -graph and  a weighted tiling system (WTS) (weights in unary) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)
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Semiring Arbitrary graphs

max-plus-N

max-plus-Z

(ℕ ∪ {−∞}, max , + , − ∞,0)

(ℤ ∪ {−∞}, max , + , − ∞,0)
FPNP[log] − complete

EVALUATION PROBLEM: TROPICAL SEMIRINGS

• Input:  a -graph and  a weighted tiling system (WTS) (weights in unary) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)

   if    computed by a PTime TM  with  many queries to an NP machinef ∈ FPNP[log] f(x) ℳ log |x |
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EVALUATION PROBLEM: TROPICAL SEMIRINGS

• Input:  a -graph and  a weighted tiling system (WTS) (weights in unary) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)

25

Upper bound:      

• Compute  and  
• Binary search in  : 

call an NP machine to check if there is some  with 

(ℤ ∪ {−∞}, max , + , − ∞,0)

m = |VG | × minweight M = |VG | × maxweight
[m, M]

ρ : VG → Q weight(ρ) ≥ k

   if    computed by a PTime TM  with  many queries to an NP machinef ∈ FPNP[log] f(x) ℳ log |x |



EVALUATION PROBLEM: TROPICAL SEMIRINGS

• Input:  a -graph and  a weighted tiling system (WTS) (weights in unary) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)

25

Upper bound:      

• Compute  and  
• Binary search in  : 

call an NP machine to check if there is some  with 

(ℤ ∪ {−∞}, max , + , − ∞,0)

m = |VG | × minweight M = |VG | × maxweight
[m, M]

ρ : VG → Q weight(ρ) ≥ k

Lower bound: 
• Clique number is  complete FPNP[log]

   if    computed by a PTime TM  with  many queries to an NP machinef ∈ FPNP[log] f(x) ℳ log |x |



COMPUTING THE CLIQUE NUMBER

23:4 Weighted Tiling Automata

[[A]](G) computed by A for a graph G is the sum of the weights of the runs. That is,115

[[A]](G) = �

fl�fl is a run of A on G

wgt(fl) wgt(fl) = �
v∈V wgt(tilefl(v)).116

117

I Example 1 (A weighted automaton to compute the clique number of a graph). The clique118

number of a graph is the size of the largest clique in the graph.119

The graphs on which we want to compute the clique number have unbounded degrees120

indeed. In our setting we consider only bounded degree graphs. Hence we need to encode any121

arbitrary graph as a bounded degree graph. One way to do that is to consider the adjacency122

matrix and represent this matrix using a grid graph.123

For the particular case of clique number, our input is an undirected graph, so we will124

consider a lower-right triangular matrix in a lower-right triangular grid graph. For this we125

let � = {→, ↓} and � = {0, 1}. The labels of all diagonal vertices are 1. A graph is depicted in126

Figure 1 and its lower-right triangular adjacency matrix is depicted in Figure 2.127

We will now construct a WTA over the tropical semiring max-plus-N that computes the128

clique number on a lower triangular grid graph. The run of an automaton will guess a subset129

of vertices of the original graph (corresponds to labeling some diagonal elements with state130

�) and checks that there is an edge between every pair of these (corresponds to checking the131

label is 1, if the row and column end in a �-labeled vertex). The weight of such a run will be132

the size of the subset, and the max over all the runs gives us the clique number as required.133

Let Q = {�,⌘,⌫,#}. A run will label a subset of diagonal vertices with �. A vertex is134

labeled with ⌘ (resp. ⌫, �) if its column (resp. row, both) starts in a vertex labeled �. In135

addition a vertex may get state � only if its label is 1. All other vertices get state #.136

Tiles for diagonal vertices are given by �(�,�out) = {(f�,#, 1, fout), (f�,�, 1, fout)} . For137

an inside vertex we have138

�({→,↓},�out) = {(fin,#, b, fout) � b ∈ {0, 1}, fin(→) = fin(↓) = #}139

∪ {(fin,�, 1, fout) � fin(→) ∈ {�,⌫}, fin(↓) ∈ {�,⌘}}140

∪ {(fin,⌫, b, fout) � b ∈ {0, 1}, fin(→) ∈ {�,⌫}, fin(↓) ∈ {⌫,#}}141

∪ {(fin,⌘, b, fout) � b ∈ {0, 1}, fin(→) ∈ {⌘,#}, fin(↓) ∈ {�,⌘}} .142
143

The weight of a tile of the form (f�,�, 1, fout) is 1. Notice that only the diagonal vertices144

labeled � will get such a tile. The weight of all other tiles is 0. Thus the weight of a run145

is the number of diagonal vertices labeled � - which corresponds to a subset of vertices146

inducing a clique. The maximum weight across di�erent runs will compute the clique number147

as required. A run on the graph in Figure 2 is depicted in Figure 3. J148
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COMPUTING THE CLIQUE NUMBER

23:4 Weighted Tiling Automata

[[A]](G) computed by A for a graph G is the sum of the weights of the runs. That is,115

[[A]](G) = �

fl�fl is a run of A on G

wgt(fl) wgt(fl) = �
v∈V wgt(tilefl(v)).116

117

I Example 1 (A weighted automaton to compute the clique number of a graph). The clique118

number of a graph is the size of the largest clique in the graph.119

The graphs on which we want to compute the clique number have unbounded degrees120

indeed. In our setting we consider only bounded degree graphs. Hence we need to encode any121

arbitrary graph as a bounded degree graph. One way to do that is to consider the adjacency122

matrix and represent this matrix using a grid graph.123

For the particular case of clique number, our input is an undirected graph, so we will124

consider a lower-right triangular matrix in a lower-right triangular grid graph. For this we125

let � = {→, ↓} and � = {0, 1}. The labels of all diagonal vertices are 1. A graph is depicted in126

Figure 1 and its lower-right triangular adjacency matrix is depicted in Figure 2.127

We will now construct a WTA over the tropical semiring max-plus-N that computes the128

clique number on a lower triangular grid graph. The run of an automaton will guess a subset129

of vertices of the original graph (corresponds to labeling some diagonal elements with state130

�) and checks that there is an edge between every pair of these (corresponds to checking the131

label is 1, if the row and column end in a �-labeled vertex). The weight of such a run will be132

the size of the subset, and the max over all the runs gives us the clique number as required.133

Let Q = {�,⌘,⌫,#}. A run will label a subset of diagonal vertices with �. A vertex is134

labeled with ⌘ (resp. ⌫, �) if its column (resp. row, both) starts in a vertex labeled �. In135

addition a vertex may get state � only if its label is 1. All other vertices get state #.136

Tiles for diagonal vertices are given by �(�,�out) = {(f�,#, 1, fout), (f�,�, 1, fout)} . For137

an inside vertex we have138

�({→,↓},�out) = {(fin,#, b, fout) � b ∈ {0, 1}, fin(→) = fin(↓) = #}139

∪ {(fin,�, 1, fout) � fin(→) ∈ {�,⌫}, fin(↓) ∈ {�,⌘}}140

∪ {(fin,⌫, b, fout) � b ∈ {0, 1}, fin(→) ∈ {�,⌫}, fin(↓) ∈ {⌫,#}}141

∪ {(fin,⌘, b, fout) � b ∈ {0, 1}, fin(→) ∈ {⌘,#}, fin(↓) ∈ {�,⌘}} .142
143

The weight of a tile of the form (f�,�, 1, fout) is 1. Notice that only the diagonal vertices144

labeled � will get such a tile. The weight of all other tiles is 0. Thus the weight of a run145

is the number of diagonal vertices labeled � - which corresponds to a subset of vertices146

inducing a clique. The maximum weight across di�erent runs will compute the clique number147

as required. A run on the graph in Figure 2 is depicted in Figure 3. J148
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Semiring Arbitrary graphs

max-plus-N

max-plus-Z

min-plus-N

min-plus-Z

(ℕ ∪ {−∞}, max , + , − ∞,0)

(ℤ ∪ {−∞}, max , + , − ∞,0)

(ℕ ∪ {+∞}, min , + , + ∞,0)

(ℤ ∪ {+∞}, min , + , + ∞,0)

FPNP[log] − complete

EVALUATION PROBLEM: TROPICAL SEMIRINGS

• Input:  a -graph and  a weighted tiling system (WTS) (weights in unary) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)

30

   if    computed by a PTime TM  with  many queries to an NP machinef ∈ FPNP[log] f(x) ℳ log |x |



EVALUATION PROBLEM: BOUNDED TREE-WIDTH

• Input:  a -graph and  a weighted tiling system (WTS) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)

31

• Words 

• Trees 

• Mazurkiewicz traces 

• Message sequence charts 

• Nested words 

• Multiply nested words 

• Pictures (grids)

a → b → b → a → b → a → a
a

a

ab

bb

b

a a a a

b b b b

a
c c

a

bb
c

a → b → b → a → b → a → a



EVALUATION PROBLEM: BOUNDED TREE-WIDTH

• Input:  a -graph and  a weighted tiling system (WTS) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)
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• Words 

• Trees 

• Mazurkiewicz traces 

• Message sequence charts 

• Nested words 

• Multiply nested words 

• Pictures (grids)

BOUNDED APPROXIMATIONS



EVALUATION PROBLEM: BOUNDED TREE-WIDTH

• Input:  a -graph and  a weighted tiling system (WTS) 

• Problem: Compute 

G (Σ, Γ) 𝒯

[[𝒯]](G)

32

• Words 

• Trees 

• Mazurkiewicz traces 

• Message sequence charts 

• Nested words 

• Multiply nested words 

• Pictures (grids)

BOUNDED APPROXIMATIONS

Evaluation with fixed bound on tree-width 
• Linear in  
• Polynomial in 

G
𝒯



EVALUATION PROBLEM: BOUNDED TREE-WIDTH

• Input:  a -graph of tree-width  and  a weighted tiling system (WTS) 

• Problem: Compute 

G (Σ, Γ) ≤ k 𝒯

[[𝒯]](G)

33

• Get a tree decomposition using Bodlander’s algorithm 

• Extract a tree term  

• Construct a weighted tree automaton  from  s.t.  

• Guess the state for each node of  (leaf of )


• Maintain the tile for every “active” node


• Weight of a tile given when a node becomes “inactive”


• Weight of all other transitions is 1.


• Compute 

τ

𝒜 𝒯 [[𝒜]](τ) = [[𝒯]](G)
G τ

[[𝒜]](τ)

 

 

 

𝒪( |G | )

𝒪( |G | )

|𝒯 |𝒪(k)

𝒪( |τ | ⋅ |𝒜 | )



SUMMARY

Semiring Arbitrary Bounded Tree-Width

Boolean NP-complete

Linear in the graph G 

Polynomial in the WTS

Natural #P-complete

Integer
GapP-complete

Rational

max-plus-N

weights in unary

max-plus-Z

min-plus-N

min-plus-Z

({0,1}, ∨ , ∧ ,0,1)

(ℕ, + , × ,0,1)

(ℤ, + , × ,0,1)

(ℚ, + , × ,0,1)

(ℕ ∪ {−∞}, max , + , − ∞,0)

(ℤ ∪ {−∞}, max , + , − ∞,0)

(ℕ ∪ {+∞}, min , + , + ∞,0)

(ℤ ∪ {+∞}, min , + , + ∞,0)

FPNP[log] − complete
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SUMMARY
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Boolean NP-complete

Linear in the graph G 

Polynomial in the WTS

Natural #P-complete
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GapP-complete

Rational
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weights in unary
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min-plus-N
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(ℤ, + , × ,0,1)

(ℚ, + , × ,0,1)
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(ℤ ∪ {+∞}, min , + , + ∞,0)

FPNP[log] − complete

34

Hardness holds even 
with a fixed WTS



DISCUSSION

• Acceptance conditions: #𝗍𝗂𝗅𝖾1 + #𝗍𝗂𝗅𝖾2 = #𝗍𝗂𝗅𝖾3
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DISCUSSION

• Acceptance conditions: #𝗍𝗂𝗅𝖾1 + #𝗍𝗂𝗅𝖾2 = #𝗍𝗂𝗅𝖾3

• Decision problems:  with  and [[𝒯(G)]] ⋈ s ⋈ ∈ { > , ≥ , < , ≤ , = , ≠ } s ∈ 𝕊

• Constraint satisfaction problem (CSP) and quantitative extensions 

• Boolean CSP    existence of a solution 

• #CSP       number of solutions 

• valued-CSP     min cost of a solution

35



OPEN PROBLEMS

• Tropical semirings with weights encoded in binary? 

• Parametrised complexity for bounded tree-width?  FPT? 

• Can we use techniques from quantitative CSP?

36


