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Finite representations of functions F : 2* — S
Evaluate such functions given a representation and an input word

Study/Decide properties of such functions
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R-WEIGHTED AUTOMATA

R-WA = Automaton + weights from set R
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An automaton generates accepting runs P on a word w = babaab

A run p generates a sequence of weights: wgt(p) = s| $2 S3 54 S5 S

b a7 b A a b
Pr=127))>5) 99 )
o= Ik 9D 37"

el il ol )
a,l a, 2
b1 wegt(p))=122222
1 wgt(p2) =1 11222

wgt(pa) =1 1 1111
b 1 b2



S AR S

An automaton generates accepting runs P on a word w = babaab

A run p generates a sequence of weights: wgt(p) = s| $2 S3 54 S5 S

The value of a weight sequence is computed: Val(s| s2 s3 54 S5 S¢)

wgt(p1)=122222

wegt(p2) =1 11222
wgt(pa) =11 1111
a,l a, 2
Val(122222) =25 duct
b - O
wEL Val(l | 1222) =23
Gl 12\ e T

b, 1 b, 2



S AR S

An automaton generates accepting runs P on a word w = babaab
A run p generates a sequence of weights: wgt(p) = s| $2 53 54 S5 S

The value of a weight sequences is computed: Val(s| s2 s3 54 s5 S6)

Final semantics:  [Al(w) = F{{Val(wgt(p)) | p run on w}}
Valtk 222 2 2).= 2

=Prod\,\Ct
' Val(l 1 1222) =23
Val(l 1111 1) =20 @
/_-_«

[A] (babaab) = 25 + 23 + 20 = 41
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[A](aababaaab) = max(0,3,1,2) = 3



VALUAFICN FUNCICING

A run generates a sequence of weights Wgt(p) s SiShii S

We compute the value of the sequence Val(31 Soic o Sn)

Nal: 5 - &

discounted Val(siso---8,) =81 +Aso +---+ X" 1g,

sum Val(s182--8,) = 81 + 82+ -+ + 8y,
product Val(s182---8,) = 81 X Sg X X S,
average Val(s189 -+ 8p) = 81—|—32-|T;...—|-3n

( )



FINNALE SEMANTEIC S

A run generates a sequence of weights Wgt(p) — 81898y

We compute the value of the sequence VaI(31 So i Sn)

Final semantics  [A[(w) = F{{Val(wgt(p)) | p run on w}}

rrE s

sum
min, max

average
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Weight sequence on w = aababaaab

0 )

r++;y  max(x,y)
r++;y  max(x,y)
r <+ 0
T++;y < max(z,y)
x <+ 0
T++;y < max(z, y)
T++;y < max(z, y)
r++; Yy + max(z,y)
x <+ 0

output y

a
Dpt
Y < max(x,y
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An automaton generates runs
Runs generate weight sequences and values

But the computed values do not influence runs: no tests
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SUPPOR ] EARNGUAGES

g

b1

Support(A) = {w € X7 | [A](w) # 0}

e

Support(A) = {w € {a,b}™ | |w|a # [wlp}
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EenbEsHO D) FANGLIAGES
Loca(A) = {w € ZF | [A](w) >}

Thm [Rabin 1963]
There are threshold languages that are not
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THRESHOLD LANGUAGES
LocalA) = {w e 5+ | [Al(w) aa}

Thm [Rabin 1963]
There are threshold languages that are not

Thm [Rabin 1963}
If the threshold is then the threshold language is
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Emptiness Support(.A) = (G

The emptiness problem is decidable in




OECIHIC TN PROOBLPMS

Emptiness Support(.A) = (G

The emptiness problem is




OECIHIC TN PROOBLPMS

—

b1 b
Emptiness Support(.A) = (@ Ca e
G

b, —1

The emptiness problem is decidable in




OECIHIC TN PROOBLPMS

Given A = (Q, X, A, I, F, wgt) (Z,—I—,X,O,l)

The following problems are
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Support recognizability:

Kirsten-Quass 201 |: The support recognizability
problem is undecidable in

Kirsten 201 | : Over zero-sum free commutative

semirings, the support is always recognizable




IEC ISICNN FROOBE PG
Equivalence I[A]] — I[B]]

The equivalence problem is decidable in

any sub-semiring of a field

(possibly non commutative)
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Emptiness of a threshold language L[><]oz (A) = 1

The value problem is in
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INFINITE WORDS

off, 0 on, 2

Energy consumption: limit average

slow, 1
sup, inf Val(sgs1s2 - -+ ) = sup,, Sn
limit sup, limit inf Val(sgs1s2 - -+ ) = limsup,, s,
limit average Val(sgsisg -« ) = liminf, So_l_"':Sn—l

discounted sum Va|(305182 oot ) = Zn Al



INFINITE WORDS

Chatterjee Doyen Henzinger 2010:

Study of the decision problems: Threshold, inclusion, equivalence

sup, inf Val(spsis2--+) = sup,, sp
limit sup, limit inf Val(sgs1s2 - -+ ) = limsup,, s,
limit average Val(sgs182 - -+ ) = liminf, SO+°“:S””1

discounted sum Va|(808182 s ) = Zn Al
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PEBBLE \4\/ALI<\NG AUTOMATA
& 1

—+] g

0 a0k 55 00000 0

* An automaton generates runs (possibly infinitely many)
* A run generates a finite sequence of weights

* Abstract semantics: multiset of weight sequences
* Concrete semantics:
* Val: sum, product, average, discounted sum, ...
* F:sup,inf, sum, ...

Benjamin Monmege, PhD 2013



PEBBLE WALKING AUTOMATA

2
We cannot compute |w|! or 2™ with a WA

Let A be a WA over (Q,+, x,0,1).
We have [[A](w)| < k!*! for all w € X7,

Benjamin Monmege, PhD 2013
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2
We cannot compute |w|! or 2™ with a WA

More paths: increased expressive power

Benjamin Monmege, PhD 2013



PEBBLE WALKING AUTOMATA

2
We cannot compute |w|! or 2™ with a WA

More paths: increased expressive power

Longer paths: increased expressive power

<O> — @ last? ()

>
arop, -
1 : 2
8 first? 8
Sy 2, —

Benjamin Monmege, PhD 2013
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Matrix representation

Efficient evaluation

Rational expressions

Basis and applications: Decidability emptiness, equality
Basis and applications: Reductions

Basis and applications: Minimization

o1 h WD —



WEIGHT DOMAIN: SEMIRINGS
(S, +, x,0,1)

\ zero of the
multiplicative operation

associative and commutative,

with neutral element 0 associative,
with neutral element 1,

distributive over addition

R? T X, O, 1

E@ +, %, 0 g ({07 1}7\/,/\,0, 1)

(Zv__a ><7O7:h) (10, 1], max, min, 0, 1)

(N’ __7 ><7O7 :_) (RU {_007+OO},maX, miﬂ7 _007+OO)

(P(A*), U, 2, {e}) (R U {+00}, min, +, +00, 0)
(Rat(A%),U, -, &, {}) (RU {—00}, max, +, —00, 0)



M RICES OVER A -SEMIRING

Product of matrices:

Let A e S"X™ gnd B € §™X*¢
C=AxDRB Ci,j = D1 @i kDK 5

(S™*", x,1d) is a monoid
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F= (A p,7)
- .

row vector column vector

morphism

oty g
F(w) = A X p(w) x v
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WA = REPRESEN TATIONS

Let A=(Q,X, A, I, F,wgt) be a WA over the semiring S

Define the morphism p: X* — S@*Q by Hia s = Wetln o q)

Claim: pu(w), , = Zp_%q wgt(p — q)

1 itpel I “itpec bl
. and X :
0 otherwise 0 otherwise

Beline A — {

Axp(w) xy= > wgtlp = q) = [AJ(w)

accepting
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BOOLEAN SEMIRING

1 if there exists a path p i q
/’L(w)paq s :
0 otherwise

Representation = transition monoid

Rec. by automata = Rec. by morphisms
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Matrix representation

Efficient evaluation

Rational expressions

Basis and applications: Decidability emptiness, equality
Basis and applications: Reductions

Basis and applications: Minimization

o1 h WD —



Evaluation Problem (Boolean)

Given automaton (specification) A and word (model) w, compute [A](w).

Try to optimize for small specifications and huge models.

DFA O(|w|)

One register: state reached after prefix u of w

| —— 5 ———— §(s,a) O(1)

NFA O(|Q|*w])

n = |Q| Boolean registers: S = (s1,...,5s,) € B*"

After reading prefix u of w, register s, =1 1f 3¢ ~ 5 ¢ with ¢ initial.

i © s ° 9= 5 |x O(n?)

where M (a) € B"*"™ transition matrix for letter a.

Alternative: Determinize then evaluate. 0219 + |w]|)



Evaluation Problem (Weighted 1-way)

1-WA O(|Q|*w])

n = |@Q| quantitative registers: S = (sq,...,5,) € St*™

After prefix u of w, register s, = ) | weight(p) where p: ¢ ¢ with ¢ initial.

M (a)
i R S ° .8 =] S |x O(n?)

where M (a) € S**™ weighted transition matrix for letter a.
g



The matrix computation
0.0+ BA 1.0L1A
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Evaluation Problem (Weighted 2-way)

2-WA O(|Q]*w])

n -+ n° quantitative registers: S = (s1,...,8,) € SY*™ and C' = (¢, ,) € S™*"

After prefix u of w,

> u

Sq = 2., weight(p) where p: ¢ ,

Cp,g = D, Weight(p) where p:




WEIGHT

DOMAINS: CONTINUOUS S

(S, +, x,0,1)
7

-MIRINGS

every infinite sum exists and is the limit of finite approximate sums,

(RT U {+00},+, x,0,1)

(NU {+00},

keeping good properties of usual semiring

0
o2k

, %,0,1) (P(A*), U,

*
Y

(10,1}, V, A,0,1)
(10, 1], max, min, 0, 1)
(R U {—o00, +00}, max, min, —oo, +00)

(RUJ ;. <0, min, 4+, +00,0)
@/\3 &\//1—00}, max, -+, —0Q, O)

'7®7{8})

> ) )
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Reduction of a representation
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Transpose and mirror
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