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GOALS

• Finite representations of functions F : Σ* → S

• Evaluate such functions given a representation and an input word

• Study/Decide properties of such functions
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R-WEIGHTED AUTOMATA

• R-WA = Automaton + weights from set R 
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SEMANTICS
• An automaton generates accepting runs ρ on a word w = babaab
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• A run ρ generates a sequence of weights: wgt(ρ) = s1 s2 s3 s4 s5 s6

wgt(ρ1) = 1 2 2 2 2 2
wgt(ρ2) = 1 1 1 2 2 2
wgt(ρ3) = 1 1 1 1 1 1

          b    a   b    a    a    b
ρ1 = 1→2→2→2→2→2→2
ρ2 = 1→1→1→2→2→2→2
ρ3 = 1→1→1→1→1→1→2
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• The value of a weight sequence is computed:  Val(s1 s2 s3 s4 s5 s6)

Val(1 2 2 2 2 2) = 25

Val(1 1 1 2 2 2) = 23

Val(1 1 1 1 1 1) = 20

Val = Product



SEMANTICS
• An automaton generates accepting runs ρ on a word w = babaab

1 2

a, 1

b, 1

b, 1
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b, 2

• A run ρ generates a sequence of weights: wgt(ρ) = s1 s2 s3 s4 s5 s6

• The value of a weight sequences is computed:  Val(s1 s2 s3 s4 s5 s6)

Val(1 2 2 2 2 2) = 25

Val(1 1 1 2 2 2) = 23

Val(1 1 1 1 1 1) = 20

F = Sum

[[A]](w) = F{{Val(wgt(ρ)) | ρ run on w}}• Final semantics: 

[[A]](babaab) = 25 + 23 + 20 = 41

Natural semiring

(N,+,×, 0, 1) Val = Product
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(max,+) semiring
(N ∪ {−∞},max,+,−∞, 0)

w = aababaaab

RUNS WEIGHTS VALUES

a    a    b    a   b   a    a    a    b
1→1→1→1→1→1→1→1→1→2
1→1→1→1→1→2→2→2→2→3
1→1→1→2→2→3→3→3→3→3
2→2→2→3→3→3→3→3→3→3

0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 1 1 0
0 0 0 1 0 0 0 0 0
1 1 0 0 0 0 0 0 0

0
3
1
2

EXAMPLE

[[A]](aababaaab) = max(0, 3, 1, 2) = 3



• sum

• product

• average

• discounted

VALUATION FUNCTIONS
• A run generates a sequence of weights

• We compute the value of the sequence

Val(s1s2 · · · sn) =
s1+s2+···+sn

n

Val(s1s2 · · · sn) = s1 + λs2 + · · ·+ λn−1sn

Val(s1s2 · · · sn) = s1 × s2 × · · ·× sn

Val(s1s2 · · · sn)

wgt(ρ) = s1s2 · · · sn

Val(s1s2 · · · sn) = s1 + s2 + · · ·+ sn

Val : S+ → S



FINAL SEMANTICS

multiset
F : N⟨S⟩ → S

• A run generates a sequence of weights

• We compute the value of the sequence

• Final semantics

Val(s1s2 · · · sn)

wgt(ρ) = s1s2 · · · sn

[[A]](w) = F{{Val(wgt(ρ)) | ρ run on w}}

• sum

• min, max

• average



WEIGHTS NEED NOT BE NUMERIC

Weight sequence on w = aababaaab

1

x← 0
y ← 0

y

a
x++

y ← max(x, y)

b
x← 0

x← 0; y ← 0
x++; y ← max(x, y)
x++; y ← max(x, y)
x← 0
x++; y ← max(x, y)
x← 0
x++; y ← max(x, y)
x++; y ← max(x, y)
x++; y ← max(x, y)
x← 0
output y

Val = Evaluation of the program



NO FEEDBACK, NO TESTS

• An automaton generates runs

• Runs generate weight sequences and values

• But the computed values do not influence runs: no tests
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SUPPORT LANGUAGES
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Support(A) = {w ∈ Σ+ | [[A]](w) ̸= 0}



SUPPORT LANGUAGES

0 1

a, 1
b, 1

a, 1

b,−1

a, 1
b, 1

Support(A) = {w ∈ {a, b}+ | |w|a ̸= |w|b}

Support(A) = {w ∈ Σ+ | [[A]](w) ̸= 0}

Natural semiring

(N,+,×, 0, 1)



THRESHOLD LANGUAGES
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L◃▹α(A) = {w ∈ Σ+ | [[A]](w) ◃▹ α}

◃▹ ∈ {<,!,=, ̸=,", >}



THRESHOLD LANGUAGES

Thm [Rabin 1963] 
There are threshold languages that are not 
recursively enumerable

1
2
· 0 + 1

2
· 1 1 · 0 + 1 · 1

1
2
· 1

L◃▹α(A) = {w ∈ Σ+ | [[A]](w) ◃▹ α}















































































































































































THRESHOLD LANGUAGES

Thm [Rabin 1963] 
There are threshold languages that are not 
recursively enumerable

L◃▹α(A) = {w ∈ Σ+ | [[A]](w) ◃▹ α}

Thm [Rabin 1963] 
If the threshold is isolated then the threshold language is regular
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DECISION PROBLEMS
• Emptiness Support(A) = ∅

The emptiness problem is decidable in

(N,+,×, 0, 1)

(N ∪ {−∞},max,+,−∞, 0)

(N ∪ {+∞},min,+,+∞, 0)

(B,∨,∧, 0, 1)



DECISION PROBLEMS
• Emptiness Support(A) = ∅

The emptiness problem is decidable in

(N,+,×, 0, 1)

(N ∪ {−∞},max,+,−∞, 0)

(N ∪ {+∞},min,+,+∞, 0)

(B,∨,∧, 0, 1)

Reachability in graphs

NLOGSPACE



DECISION PROBLEMS
• Emptiness Support(A) = ∅

The emptiness problem is decidable in

(N,+,×, 0, 1)

(Z,+,×, 0, 1) (Q,+,×, 0, 1)

(N ∪ {−∞},max,+,−∞, 0)

(N ∪ {+∞},min,+,+∞, 0)

(B,∨,∧, 0, 1)
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DECISION PROBLEMS
• Given

The following problems are undecidable

1. for some word w
2. for infinitely many words w

(Z,+,×, 0, 1)A = (Q,Σ,∆, I, F,wgt)

[[A]](w) = 0 [[A]](w) > 0



DECISION PROBLEMS
• Support recognizability:

Kirsten-Quass 2011: The support recognizability  
problem is undecidable in
(Z,+,×, 0, 1)

Kirsten 2011: Over zero-sum free commutative 
semirings, the support is always recognizable

(N,+,×, 0, 1)

(N ∪ {−∞},max,+,−∞, 0)

(N ∪ {+∞},min,+,+∞, 0)
(B,∨,∧, 0, 1)



DECISION PROBLEMS
• Equivalence

Krob 1992: The equivalence problem is undecidable in

[[A]] = [[B]]

(N ∪ {+∞},min,+,+∞, 0)

The equivalence problem is decidable in

(N,+,×, 0, 1)
(Z,+,×, 0, 1) (Q,+,×, 0, 1)
(B,∨,∧, 0, 1)

any sub-semiring of a field 
(possibly non commutative)





























































































































































































































DECISION PROBLEMS
• Emptiness of a threshold language L◃▹α(A) = ∅

The value problem is undecidable in

(Q!0,+,×, 0, 1)
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INFINITE WORDS

• Energy consumption: limit average OFF ON

SLOW

off, 0 on, 2

slow, 1

on, 10

off, 10

slow, 5

on
5

off, 5

slow
5

• sup, inf

• limit sup, limit inf

• limit average

• discounted sum

Val(s0s1s2 · · · ) = supn sn

Val(s0s1s2 · · · ) = lim supn sn

Val(s0s1s2 · · · ) =
∑

n λ
nsn

Val(s0s1s2 · · · ) = lim infn
s0+···+sn−1

n



INFINITE WORDS

• sup, inf

• limit sup, limit inf

• limit average

• discounted sum

Val(s0s1s2 · · · ) = supn sn

Val(s0s1s2 · · · ) = lim supn sn

Val(s0s1s2 · · · ) =
∑

n λ
nsn

Chatterjee Doyen Henzinger 2010: 

Study of the decision problems: Threshold, inclusion, equivalence

Val(s0s1s2 · · · ) = lim infn
s0+···+sn−1

n



TREES

a

ab

b b a b

a a a b
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PEBBLE WALKING AUTOMATA
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• An automaton generates runs (possibly infinitely many)
• A run generates a finite sequence of weights
• Abstract semantics: multiset of weight sequences
• Concrete semantics: 

• Val: sum, product, average, discounted sum, …
• F: sup, inf, sum, …

+255 , -00 , … , 0 , , 0 , … , 0

Benjamin Monmege, PhD 2013



PEBBLE WALKING AUTOMATA

Benjamin Monmege, PhD 2013

We cannot compute |w|! or 2|w|2 with a WA

Let A be a WA over (Q,+,×, 0, 1).

We have |[[A]](w)| ! k|w| for all w ∈ Σ+.
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Benjamin Monmege, PhD 2013

More paths: increased expressive power

We cannot compute |w|! or 2|w|2 with a WA

0

1

2 3

→

dropx lift

→ last?
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Benjamin Monmege, PhD 2013

More paths: increased expressive power

We cannot compute |w|! or 2|w|2 with a WA

Longer paths: increased expressive power

0

1 2

3 4

← 2,→

dropx

first?

last?
lift

→ last?



SEMIRINGS AND FIELDS
1. Matrix representation
2. Efficient evaluation
3. Rational expressions
4. Basis and applications: Decidability emptiness, equality
5. Basis and applications: Reductions
6. Basis and applications: Minimization



WEIGHT DOMAIN: SEMIRINGS
(S,+,⇥, 0, 1)

associative and commutative, 
with neutral element 0 associative,  

with neutral element 1,
distributive over addition

zero of the 
multiplicative operation

(R [ {+1},min,+,+1, 0)
(R [ {�1},max,+,�1, 0)

(R,+,⇥, 0, 1)

(Z,+,⇥, 0, 1)
(N,+,⇥, 0, 1)

(Q,+,⇥, 0, 1) ({0, 1},_,^, 0, 1)

(R [ {�1,+1},max,min,�1,+1)

([0, 1],max,min, 0, 1)

(Rat(A∗),∪, ·,∅, {ε})

(P(A∗),∪, ·,∅, {ε})



MATRICES OVER A SEMIRING
• Product of matrices: 

(Sn×n,×, Id) is a monoid

C = A×B ci,j =
∑

k ai,kbk,j

Let A ∈ Sn×m and B ∈ Sm×ℓ



REPRESENTATION

µ : Σ∗ → Sn×n

row vector column vector

morphism

F = (λ, µ, γ)

F (w) = λ× µ(w)× γ














































































































WA = REPRESENTATIONS
Let A = (Q,Σ,∆, I, F,wgt) be a WA over the semiring S

Define the morphism µ : Σ∗ → SQ×Q by µ(a)p,q = wgt(p, a, q)

Claim: µ(w)p,q =
∑

p
w−→q

wgt(p
w
−→ q)

Define λp =

{

1 if p ∈ I

0 otherwise
and λq =

{

1 if p ∈ F

0 otherwise

λ× µ(w)× γ =
∑

p
w−→q

accepting

wgt(p
w
−→ q) = [[A]](w)














































































































BOOLEAN SEMIRING

• Representation = transition monoid

• Rec. by automata = Rec. by morphisms

µ(w)p,q =

{

1 if there exists a path p
w
−→ q

0 otherwise



SEMIRINGS AND FIELDS
1. Matrix representation
2. Efficient evaluation
3. Rational expressions
4. Basis and applications: Decidability emptiness, equality
5. Basis and applications: Reductions
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Evaluation Problem (Boolean)
Given automaton (specification) A and word (model) w, compute [[A]](w).

Try to optimize for small specifications and huge models.

DFA O(|w|)
One register: state reached after prefix u of w

◆
u����! s

a����! �(s, a) O(1)

NFA O(|Q|2|w|)
n = |Q| Boolean registers: S = (s1, . . . , sn) 2 B1⇥n

After reading prefix u of w, register s
q

= 1 if 9 ◆
u����! q with ◆ initial.

I
u����! S

a����! S0 = S ⇥
M(a)

O(n2)

where M(a) 2 Bn⇥n transition matrix for letter a.

Alternative: Determinize then evaluate. O(2|Q| + |w|)
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Evaluation Problem (Weighted 1-way)

1-WA O(|Q|2|w|)
n = |Q| quantitative registers: S = (s1, . . . , sn) 2 S1⇥n

After prefix u of w, register s
q

=
P

⇢

weight(⇢) where ⇢ : ◆
u����! q with ◆ initial.

I
u����! S

a����! S0 = S ⇥
M(a)

O(n2)

where M(a) 2 Sn⇥n weighted transition matrix for letter a.

S0
q

=
X

p

S
p

⇥M(a)
p,q ι u q

p1u M(a)p1,q

p2u M(a)p2,q







The matrix computation
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Evaluation Problem (Weighted 2-way)

2-WA O(|Q|3|w|)
n+ n2 quantitative registers: S = (s1, . . . , sn) 2 S1⇥n and C = (c

p,q

) 2 Sn⇥n

After prefix u of w,

. u

s
q

=
P

⇢

weight(⇢) where ⇢ : ι

q

c
p,q

=
P

⇢

weight(⇢) where ⇢ : p

q



WEIGHT DOMAINS: CONTINUOUS SEMIRINGS

(S,+,⇥, 0, 1)

every infinite sum exists and is the limit of finite approximate sums, 
keeping good properties of usual semiring

(R [ {+1},min,+,+1, 0)
(R [ {�1},max,+,�1, 0)

(R,+,⇥, 0, 1)

(Z,+,⇥, 0, 1)
(N,+,⇥, 0, 1)

(Q,+,⇥, 0, 1)

(N [ {+1},+,⇥, 0, 1)
(R+ [ {+1},+,⇥, 0, 1) R [ {�1

,+
1}

({0, 1},_,^, 0, 1)

(R [ {�1,+1},max,min,�1,+1)

([0, 1],max,min, 0, 1)

(Rat(A∗),∪, ·,∅, {ε})

(P(A∗),∪, ·,∅, {ε})
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Algorithm computing the basis
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Reduction of a representation
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Transpose and mirror









THANK YOU


