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Model Checking and Evaluation

~ ® May an error state be reached!? \
* |s there a book written by X, rented by Y?
* Does this leader election protocol permit to elect the leader?

From Boolean to ¢ Quantitative Verification

* What is the probability for an error state to be reached!?

* How many books, written by X, have been rented by Y?

* What is the maximal delay ensuring that this leader election
protocol permits the election?

f é = CI; Boolean
[PT(G) Quantitative

J
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Evaluation via Automata
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The Success Story of Automata

An Automata-Theoretic Abproach to ...
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MODELS



Various Models

® Wor'ds a—a—+>h—a—>=a—>a—->a—>ph—>a—>a—>pHh—>a—>p—)

Computations of sequential programs

® Nested VWords a—a—h—a—a—>a—>a—>h—a—a—>h—>a—h—}p

Computations of recursive programs
XML documents

T _APNANAND AN NN

proc g ()
{ ...}

main (n)
{
1=0;
while i<n do
if 1 odd then f() else g()
i1++
done

}
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Various Models

® WOI"CIS a—a—+>h—a—>=a—>a—->a—>ph—>a—>a—>pHh—>a—>p—)
Computations of sequential programs /\
* NestedWords — a—sa“sb—a—»a—saZed—ba‘ra—Sp—Sa—s

Computations of recursive programs
XML documents

S
SPe B V
® Ranked Trees oW 7\
PN
Expressions, Formulas, Parse trees, ... . Y 20 A —

SR

Joim h.it tﬁe bz;ll.

® Pictures
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Various Models

® Mazurkiewicz Traces Loa e I— I
b /b b

Computations of concurrent programs 2 C—=c p c—¢ \d/
Communication by Rendez-Vous 3 e e ot N

. . /\_A>
® Traces with Nestings 1 a b a:@
Concurrent and Recursive Programs 2 c—cC ;
Communication by Rendez-Vous 5 e .

® Message Sequence Charts

Communication by FIFO channels

AN
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Various Models

® Mazurkiewicz Traces 1 a \.b

Computations of concurrent programs 2 c—>cC d
Communication by Rendez-Vous

\/\
/\/

€E—€c—>C¢€ e

. . /’\_g
® Traces with Nestings 1 a b a:@
Concurrent and Recursive Programs 2 c—cC ;
Communication by Rendez-Vous 5 e .

® Message Sequence Charts with Nestings

Cemnsten TRy
L
Vi /
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Pau

Modeling a picture as a graph

| Gastin, LSV, ENS de Cachan 8
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Graphs

—
 ———
G = (Vv (Ed)dED7 )‘)

V set of vertices
- 7 A labels of vertices

D set of directions

Eg set of d-edges
—
—_—

deterministic
(hence bounded degree)

D ={—=1}U{ 1}
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Various Models

® WOI"CIS a—a—+>h—a—>=a—>a—->a—>ph—>a—>a—>pHh—>a—>p—)
Computations of sequential programs
D={—+} /\

* NestedWords — a—sa“sb—a—»a—saZed—ba‘ra—Sp—Sa—s

Computations of recursive programs
XML documents

D ={—,,~, "}

S

S SE V
® Ranked Trees oW 7\
§ AN
Expressions, Formulas, Parse trees, ... . V. NP A —

/N

D:{i/laTla\l/Q?TQ} P p’/\‘q }a

Joim h.it tﬁe bz;ll.

® Pictures
D — {%7 %7\1’7 T}
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VVeighted
First-Order Logic



Logical Specifications: Query Examples

Is there a line of green pixels?
JaVy (R, (z,y) V RE, (y,2)) = Ry(y)]

How many lines of green pixels are there?

What is the size of the picture!?

Boolean fragment: first-order logic
p =T |Pa(z) | 2=y | Ra(z,y) | Ry (z,9) | "¢ |oVe|Ixe
with a € AU {>}, d € D.

What is the size of the biggest monochromatic rectangle?
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Logical Specifications: Query Examples

Is there a line of green pixels?
JaVy (R, (z,y) V RE, (y,2)) = Ry(y)]

How many lines of green pixels are there?

S (-3y R (y,2)) A (Vy RY (2,y) = Pg(y)) 71:0

T

What is the size of the picture!?

Weighted fragment: first-order logic
Di=5|?P:D|PDHD|PRD | P P| R P

with ¢ € bFO and s € S.

What is the size of the biggest monochromatic rectangle?
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Logical Specifications: Query Examples

Is there a line of green pixels!? (N, .
F2Vy[(R%, (2, y) V RE, (y, 2)) = R, (y))

How many lines of green pixels are there!

Z (—3dy R (y,z)) A (Vy R, (z,y) = P.(y)) 71:0

X

What is the size of the picture!?

( > -3y R (y, w)) X ( > Ry, fv))

What is the color with maximum number of pixels!? m’ozf\
0/
. 2y
max (Y P (2), Y R(),.... > P ()
xXr xr xXr

What is the size of the biggest monochromatic rectangle?

7><70)1)

%} 0)

§ 1 @
H;E)QX Spmono L y (Z Sprect Ly Y, < ? L O) e >
| - Y

Paul Gastin, LSV, ENS de Cachan |2 WATA, Leipzig, May 5th 2014




Full Weighted First-order Logic

Boolean
fragmeD <Path USlng d-edges

pu=T|Py(z) |z =y| Ralx,y) \R+(wy)\wwvs0\3w

Pi=5|p?’P: 2| PBD | PP | P,

ith g d .
with a € {l>} c For trees we ma)’@
Quantitative
formulas

Possible Variants:
change Boolean power (AP, MSQO, ...)
add more quantitative power (WMSO, wTC...)

if .. then .. else ..
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Quantitative Semantics

ﬂhts from a semiring
[s](G,0) = s (S,—|—, X,O, 1)

\

o) ifG,o0E @
o) otherwise

(Y =)

Valuation of free variables
o:V — pos(G)
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Quantitative Semantics

ﬂhts from a semiring
[s](G,0) = s (S,—|—, X,O, 1)

\

[®41](G,0) it G,0 =
7DDy |(G,o) =<
L7 @12 22)(G,0) {(IDQ_(G,U) otherwise

[®1 & P2(G,0) = [21](G,0) + [P2](G, 0)

[[(I)l X (I)Q]](G, O') = [[(I)l]](G,O') X [[(I)Q]](G,O')



Weight Domains: Semirings

(S, +, x,0,1)

/ \ zero of the

multiplicative operation
associative and commutative,

with neutral element 0 associative,

with neutral element 1,
distributive over addition

Y J

Z2NO =

&

N(

Paul Gastin, LSV, ENS de Cachan

(A
N((A

({0,1},V,A,0,1)
(10, 1], max, min, 0, 1)
(R U {—00,+00}, max, min, —oo, +00)

0.4} (RU {400}, min, +, 400, 0)
1 (RU {—oo},max,+,—oo,0)

|15 WATA, Leipzig, May 5th 2014



Restricted Weighted MSO Logic

Boole
fragment

p =T | Py(z)|z=y]|Ra(z,y) | RY(x,y) | ~¢|oVe|Izep|re X |IXp
Pu=s5|p?®:0 |20 [INEGW D2 QT DD

withh\e € AU {>}, d € D, s €S.

Almost boolean
Ui=s|?W0: U

Quantitative
formulas

‘
Droste&Gastln 07

Restricted wMSO = weighted automata

= -
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Restricted Weighted MSO Logic

Boolean
fragment

pu=T|Px)|v=y|Ra(z,y)

commutative
semiring

e, y) | e leVe|Frep|ze X | IX @

D=5 :D|PDD|PRD| D P|RV|P, D

withh\e € AU {>}, d € D, s €S.

Almost boolean
Ui=s|?W0: U

Quantitative
formulas

‘
Droste&Gastln 07

Restricted wMSO = weighted automata

= -
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Semirings
VS
Average
discounted sum



Uninterpreted Weights
Do not interpret weights from W

Semiring of multi-sets of weight sequences
S = N<<W*>> — (NW* ,+,+, 0, 18)
r =

Restricted wMSO = weighted automata
Full wFO = pebble weighted automata

= -
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Uninterpreted Weights
Do not interpret weights from W

Semiring of multi-sets of weight sequences
S = N(W*) = (NW", +...0,1,)

Valuations yields multi-sets of values N{W*) — N

> Average; Val(w1w2 ... wn) _ w1+w2:..._|_wn

» Discounted sum: valy(wiws - --wy,) = Mwy + Nwq + -+ - + ANw,

» Cost-Reward: val((ri,c1)(r2,c2) - (rn,Cn)) = T(l;;rg;t?;n

» Probabilities:
Val((pla wl)(p27 wZ) C (p’l’M wn)) — (p1p2 o Pp,W1 T+ W2 1 - wn)

Aggregation of multi-sets of values N S 5T
Max, Min, Sum, Average, Expectation, ...
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Walking Weighted
Automata with Pebbles



Pebble Walking Weighted Automata
e*20e )3 N (ZU {001

lift

lift

W7 mT m’— mr
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Pebble Walking Weighted Automata
o

lift

lift

W7 mT m’— mr
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Pebble Walking Weighted Automata
o

W7 mt m— my
Pebble automata over words apd trees: [Globerman&Harel 96], [Engelfr(ﬁ&m%gggeplggm 274

Paul Gastin, LSV, ENS de Cachan



Pebble Walking Weighted Automata

lift

W7 mT m’— mr

Paul Gastin. LSV, ENS de Cachan Pebble automata over words apd trees: [Globerman&Harel 96], [Engelfr(ﬁ&m%ggge’plg%m 274



Pebble Walking Weighted Automata

lift

W7 mT m’— mr
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Pebble Walking Weighted Automata

lift

W7 mT m’— mr
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Pebble Walking Weighted Automata

lift

W7 mT m’— mr
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Pebble Walking Weighted Automata

lift

W7 mT m’— mr
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Pebble Walking Weighted Automata

S (ZU {001

lift

W7 mT m’— mr

Paul Gastin. LSV, ENS de Cachan Pebble automata over words apd trees: [Globerman&Harel 96], [Engelfr(ﬁ&m%ggge’plg%m 274



Pebble Walking Weighted Automata

—00,0)
S )

=+

(2L {003, %

+ 255 -0

—+4

.-

lift

lift

W7 mT m’— mr

Paul Gastin. LSV, ENS de Cachan Pebble automata over words apd trees: [Globerman&Harel 96], [Engelfr(ﬁ&m%ggge’plg%m 274



Pebble Walking Weighted Automata

3l

=+

W7 mer n’— mrl
Pebble automata over words apd trees: [Globerman&Harel 96], [Engelfr(ﬁ&m%%ggeplggm 274
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Pebble Walking Weighted Automata

Non determinism
Resolved by max
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Pebble Weighted Automata

A — (Q? A? D? I? A? F)

// / vector of final weights
S

finite set of states / .
et of directions , -
matrix of transition

alphabet L .
vector of initial weights

-+

Qf transitions: linear combination of (test, action)

o boolean combinationof/' I
i T, al, x2, d?, init?, final?
move d,
= 8 drop a pebble,
7, lift the last dropped pebble
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Semantics of Pebble Weighted Automata

Configuration of A (G, q, T, U)

/ f current vertex

state stack of
dropped pebbles

Run over a graph (; :finite sequence of configurations

Weight of a run: multiplication of the weights of the transitions
and the initial and final weights

Semantics | A[(G) : sum of the weights of the runs

Navigation possibly leads to infinitely many runs!

Restrict to continuous semirings
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Weight Domains: Continuous Semirings

(S, +, x,0,1)
/

every infinite sum exists and is the limit of finite approximate sums,
keeping good properties of usual semiring

({0,1},V,A,0,1)
(10, 1], max, min, 0, 1)
(R U {—00, +00}, max, min, —oo, +00)

(R U {400}, +, %,0,1) 5N
(NU {+o0}, +, x,0,1) (11}%% U/éoﬂ&;, min, +, +00, 0)
3\ { —oo}, max, +, —00, 0)

(%(A*),U, '7@7 {5}) A
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Layered Automata

— — —
Layer 2:
— — —
A A
t b 1 by
SO O
Layer 1:
— — —
A A
1 b 1 e
SO O
Layer O:
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Weighted FO
and pebVVA



wFO vs pebWA

Weighted First-Order logic
* Denotational semantics
* Boolean fragment

¢ Quantitative formulas

Weighted Automata with pebbles
* Operational semantics

* Only quantitative computations
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wFO vs pebWA

Searchable Graphs

Weighted First-Orde G = (V7 (Rd)dEDv A, D)

e Denotational semai >  initial vertex

< total order over vertices,
—  computable with navigating automata

e Quantitative formulas

r =
Thm: Consider a class of graphs.
We

e For each wFO formula, we can construct an equivalent
layered pebWA,

o C # states linear in the size of the formula
# layers = quantifier depth of the formula
# pebble names = # variable names in the formula

- -
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Searchable Graphs

® Words

Computations of sequential programs

D ={—,+}
® Nested Words

Computations of recursive programs
XML documents

D={—,,~, "}

a—>a—>b—>a—>a—>a—>a—>b—>a—>a—>b—>a—>b—>b
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Searchable Graphs

® Ranked Trees
Expressions, Formulas, Parse trees, ... D FS

D = {l1,T1,)2, T2}

S

SRR

V
N VP

\% NP

5\ p/ \q l

r

Joim llit tl‘le bz.tll.
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wFO to pebWA

p =T | Pyz) |z =y| Ralz,y) | Rj(z,9) | ~¢ |9V |Ize

Pi=s5|p?P: D | PHP| PR D —
Runs end on them
witha € AU{>}, de D, s €S.
Searchable graphs/

® @ U disjoint union of au

ONRY —[A‘I’} D?{A‘PJD—?
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wFO to pebWA

p =T | Pyz) |z =y| Ralz,y) | Rj(z,9) | ~¢ |9V |Ize

P:i=5|p?!P: P | PHP| PR P —=
Runs end on them
witha € AU{>}, de D, s €S.
Searchable graphs/

® @ U disjoint union of au
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wFO to pebWA

d d+t
pu=T|P(x)|z=ylz=yle—ylwleVeloAp|Trep|Voe

q):::s]go?q):q)\¢€D®|@®¢|@x¢‘®x® Searchable

witha € AU{>}, de D, s €S.
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wFO to pebWA

Challenging for the Boolean part:
wambiguwﬁa
Use deterministic automata Take advantage of the pebbles
of size non-elementary... : : :
to build linear sized automata

pu=T|Pu(z) |z =y | Ra(z,y) | Ry (z,y) | ~p | oV |Tzg
=350 :0 00D | 020 | D.O| QD

witha € AU{>}, de D, s €S.
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wFO to pebWA

pu=T|Py(x) |z =y| Ra(z,y) | Rj(z,y) | ~p | pVe|Try
Pi=5|p?0: 0| 2HP |20 | D 0| R, D

witha € AU{p}, de D, s €S.

—x? next —>7 next
p = Rq(z,y) ok,
kog,
_ Dt
p=RJ(z,y) ok,
koq;
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wFO to pebWA

pu=T|Py(x) |z =y| Ra(z,y) | Rj(z,y) | ~p | pVe|Try
Pi=5|p?0: 0| 2HP |20 | D 0| R, D

witha € AU{>}, de D, s€S. >7

Disjunction/conjunction

& =pvy

Existential/Universal
quantifications

E — HX (p dropaj
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wFO to pebWA

pu=T|Py(x) |z =y| Ra(z,y) | Rj(z,y) | ~p | pVe|Try
Pi=5|p?0: 0| 2HP |20 | D 0| R, D

witha € AU{>}, de D, s€S. >7

Disjunction/conjunction

& =pvy

SN N S~ D7 A ‘

Exis§® =~ -

9¢  Thm: Consider a searchable class of graphs.

next

For each wFO formula, we can construct an equivalent
layered pebWVA,
# states linear in the size of the formula
# layers = quantifier depth of the formula
# pebble names = # variable names in the formula
- -
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Model Checking
Query Evaluation



Complexity of evaluating queries

r X
Given a layered pebWA with p pebble names and a graph,

we can compute | A [(G) with
O((p+1)|Q|%|V|P*3) scalar operations (sum, product, star).

= -

Reusability: the number of layers (quantifier depth in formulas) may
be much bigger than the number of pebble names (x and y, e.g.)

r =
Given a layered pebWA with p pebble names and a (nested)

word, we can compute || A [|(W) with
O((p+1)|Q°IW|P*") scalar operations (sum, product, star).

= -

strongly layered: each layer is associated with a fixed pebble nhame: O(‘QP‘W‘ P)

Paul Gastin, LSV, ENS de Cachan 34 WATA, Leipzig, May 5th 2014



Getting rid of variables

VWeighted Expressions

Dynamic Logics (PDL)
Temporal Logics



Expressing more properties: path

In First-Order Logic, you cannot follow unbounded complex paths

1
el - Aol
—

A pattern: (L + —)"-T-(J + )"

L What is the length of the shortest
] path from [l to !
Aroom
L
w&ﬁmﬂ» (m?2v ) 1-(=+++L+1) m?
v
N

Weighted Expressions and Hybrid Weighted Expressions
navigating over graphs
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Summary of Expressiveness

| | Weighted Hybrid
efficient translations:
automata of linear size Regular EXPI’GSSiOﬂS

Weighted
Hybrid PDL

VVeighted Linear
Temporal Logic

Layered
Weighted Automata
with Pebbles

VWVeighted First-
Order Logic
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Summary

Several ways of specifying quantitative properties of graphs:
regular expressions with pebbles,
weighted hybrid PDL, weighted temporal logic,

weighted first-order logic.
Efficient translation of the queries into pebVWA

Efficient evaluation (model-checking of database community)
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Perspectives

Extend wFO with a bounded transitive closure operator in
order to have the same expressive power as pebWA.
(See next talk of Benjamin)

Add data or weights to the models (graphs)
Lift Model evaluation to System evaluation

Add comparisons of weights to the specification formalisms
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