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ABSTRACT

In this paper, we present a lumping method based on a particular class of colored Petri nets. We
prove on an example that the method can be usefully applied to the performance evaluation of
symmetric systems.

Topics : Generalized stochastic nets, Higher-level net models.

I- INTRODUCTION

Stochastic Petri nets [Nat 80, Mol 81, Zub 85] are more and more widely used for the
performance evaluation of synchronized systems. Some extensions of the original models have
been proposed, either including more general timing constraints, such as immediate firing [Ajm
84], deterministic delays [Ajm 87a], general timing [Dug 84], or extending the underlying
model by including simultaneous transition firings [Haa 87], or unbounded places [Flo 86].
Other models have been presented, that are particularly well suited to the study of some specific
problems, such as fault tolerance and degradable performance [Mey 85], resource sharing [Hol
85], or communication protocol performance [Raz 85].

However, for any kind of model, obtaining performance results is not easy when complex
systems are analyzed. Even when limiting to markovian models, the resolution is often quite
difficult because of the size of the generated Markov process. Simulation techniques can be
used, but they are very expensive and the accuracy of the result is not always guaranteed.
Therefore, research has been done to provide more simple and exact analytic methods of
resolution. Lumping techniques have been presented in [Kem 60]. They are based on an
aggregation of states into classes that is performed once the Markov process has been
constructed. The solution is then computed on the classes. The drawbacks of this method are
twofold. On the one hand, the lumping phase generally depends on the ability of the analyst, as
there is no algorithm that defines the partition of states into classes. On the other hand, it is not

always possible to derive back the state probabilities from the class probabilities.
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Because of their apparent symmetry properties, colored stochastic Petri nets seemed an
interesting tool to be used as a basis for lumping. However, the aggregation of states proved to
be difficult when working on general classes of colored nets [Chi 88]. There is no method
avoiding construction of the whole reachability graph, and cumbersome equivalence relations
that depend on the color functions of the net must be defined by the user, thus preventing a
completely automatic analysis of the net. In fact, the representation power of colored nets is
best exploited when the system to be modeled presents intrinsic symmetries so that

functionalities of the system are not hidden in complex color transformation functions.

Comparable complexity problems due to the size of the reachability graph have been
encountered in the study of untimed colored Petri nets. A successful approach has been
presented in [Had 87] that took advantage of a completely symmetric model, the regular nets, to

group the states into classes called symbolic markings.

The regular stochastic Petri nets have been introduced in [Dut 89]. They are very well suited to
the modeling and analysis of symmetric systems. The originality of the model is that it allows a
symbolic lumping of the states, which is in fact an a priori aggregation that can be performed
without constructing the whole Markov process. The partition of states into classes is natural

as it relies on the intrinsic symmetries of the model.
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As the states within a class have the same probability, the disaggregation step is always
possible, but the additional information it would bring to the user is not always significant.
Actually, because of the symmetry, all the states within a class play the same part.

The improvements brought by the lumping are twofold. The gain exists not only for the size of
the process to be built, but also for the resolution complexity, as the exact algorithms are O(n3)
where n is the number of states of the process,a nd the complexity of the iterative methods
depends on the number of arcs.

In the same way as we followed the approach in [Had 87] to extend stochastic Petri nets to a
colored model, we follow the approach of [Ajm 84] to extend the timing of the model by
introducing in it priorities and immediate transitions. Immediate transitions have higher
priorities than timed transitions. This way, the semantics of the net is not modified by the
addition of timing. The introduction of immediate transitions is particularly useful when one
wants to model activities whose durations differ by orders of magnitude. The use of immediate
transitions is convenient if by doing so, the number of states of the associated Markov chain
model is reduced, thereby reducing the solution complexity. But the specification of the
stochastic behavior of a model with immediate transitions requires the definition of random
switches to solve the conflicts that may occur between immediate transitions [Ajm 84, Ajm
87b].

In this paper, we present the introduction of immediate transitions in regular stochastic Petri
nets. To illustrate our approach , we have chosen to study a multiprocessor architecture that has
already been completely analyzed by means of ordinary stochastic Petri nets [Ajm 84]. We

show on this example how one can take advantage of regular stochastic Petri nets.



The paper is organized as follows. In the next section, we recall the definition of generalized
colored stochastic Petri nets. Generalized regular stochastic Petri nets are introduced in Section
3. Section 4 contains the description of the multiprocessor architecture and the colored
stochastic Petri net model. The lumping method is described in Section 5. At last in section 6,

we discuss our results on the example.
II - GENERALIZED COLORED STOCHASTIC PETRINETS

Generalized stochastic Petri nets (GSPN) [Ajm 84] are a tool well adapted to the modeling and
the performance evaluation of distributed computer systems. In a GSPN, a firing delay is
associated with each transition of priority zero. Firing delays are instances of random variables
that have a negative exponential probability distribution. The probability that two timed
transitions sample exactly the same delay time is zero, so that priority zero transitions are
assumed to fire one at a time. The selection of the transition instance to fire among the set of the
enabled ones follows a "race" policy [Ajm 85] (the transition that has drawn the least delay is
the one that fires). Higher priority transitions are assumed to fire as soon as they are enabled in
zero time (to be immediate). In case of conflict between immediate transitions, it is necessary to
associate with transitions a random switch that allows the resolution of the conflict. The random
switch probabilistically describes how an immediate transition is selected to fire. Thus, the
stochastic behavior of the net is completely specified.
As the complexity of the system to be analyzed increases, the number of objects in the
corresponding Petri net model makes it quite difficult to represent and, as a consequence, to
read. Colored Petri nets [Jen 81] can be used to represent in a compact manner complex
systems. Generalized colored stochastic Petri nets thus appear to be a natural extension of
Generalized stochastic Petri nets.
A generalized colored stochastic Petri net [Chi 88] is defined as a 9-tuple :
GCSPN = (P, T, C, W+, W-, Wh, 1T M, Y), where

P is a finite set of places,

T is a finite set of transitions, suchthatP n T=0, PO T # @,

C:POT-C,CnP=0,Cn T=0@isafunction mapping P J T on a

non-empty finite set of colors,

W-, W+, Wh : P x T - F are the input, output and inhibition functions
respectively,

where F is the set of functions [C(P) x C(T) - N],

T: T - N is the priority function, mapping transitions into natural numbers,

M : [P - [C(P) — N]] is the initial marking

Y:T - [C(T) x M - R*] is a possibly marking-dependent weight function

associating a positive real number with each transition.



C(p) (resp. C(t)) is the color domain of p (resp. t).

As a consequence of the definition of the priority function, the priority level of a transition does
not depend on its color instance.

If t is a timed transition, the value of Y(t)(c, M) is the firing delay associated to the color c
instance of transition t in marking M, whereas if t is immediate, Y(t)(c, M) will give the
probability that the color ¢ instance of transition t is chosen to fire among all the transitions

enabled in marking M.

Definition of the firing rule : a transition t is enabled for a color ¢ in a marking M iff the

following conditions are fulfilled :
() OpOP, Oc" OC(p), W-(p, t)(c', ¢) <M(p, ¢,
(1 Op OP, Oc¢' OC(p), either Wh(p, t)(c', ¢) =0, or M(p, ¢') < Wh(p, t)(c', ¢).
which is the expression of the firing rule in a net without priorities
) Ot with T(t") > m(t), U c" UC(t"), Up UP, Uc' U C(p),
W-(p, t')(c', ¢") > M(p, ¢') or 0 < Wh(p, t)(c', ¢) £ M(p, ¢'), which means that no

higher priority transition is enabled.

The introduction of immediate transitions in the model naturally partitions the states in two
classes. The states in which an immediate transition is enabled, called vanishing markings, have
a probability zero as the process spends no time in them. The states in which no immediate
transition is enabled, called tangible states, have a positive probability. It is thus important that
the aggregation of states derived from the colored net preserve this partition. With a general
definition of colored nets, it is not always the case [Chi 88]. However, we will show that by
imposing symmetries on the marking, the color functions and the timing, we can ensure that this
property will be verified. A class of colored nets with symmetries is presented in the next

section.

IIT - GENERALIZED REGULAR STOCHASTIC PETRI NETS

In [Dut 89], a definition of regular Petri nets was given that implied that all places and
transitions had the same color domain. In this section, we give the definition of general regular
nets in which this assumption is no longer true. We introduce priorities in our model, so that the
possibility of immediate firing will not modify the semantics of the untimed model. We also
present the transformation rule that maps general regular nets on nets in which all places and
transitions have the same color domain. This mapping results in a simplified analysis of the
model. Finally we present the definition of Generalized regular stochastic Petri nets in which a

possibly null firing delay is associated to the transitions.



3.1 General regular nets

A general regular net, which will be simply called a regular net, is a net in which the color

domain of a place or a transition is built on any Cartesian product of basic object domains.

3.1.1 Color domains

A color domain can be a set of undistinguished resources if the product is null, a set of objects if
there is a single element in the product, and a set of associations between objects if the product

is made of several elements.

Construction of the color domains :
Let C = {Cy, ..., C,} a set of basic object domains, with C; n Cj = . Let J an ordered subset

of the set I = {1, ..., n}, J= {1, ..., 1} (for instance, J = {1, 3, 2} and J' = {2, 1, 3} are

different ordered subsets).

We denote Cj = ﬂ C; , a cartesian product of object domains. If J = @, then ﬂ C; ={¢g}, where
iy iy

€ is the neutral color.

An element (¢, , ..., ci, ) of Cy will be denoted [ Gi .

iy

Definition : color domain of a node.
Let r J P O T. The color domain C(r) of r is defined by C(r) = CJ(r), where J(r) is an ordered

subset of 1.

3.1.2 Color functions

Let J and J' two ordered subsets of I = {1, ..., n}. In this paragraph, we define the possible color
functions between a place p and a transition t, with C(p) = C; and C(t) = Cy.. The set of such

functions is denoted Fj ;. We can notice that Fy j is a subset of the set {f : C; x C -~ N}.

We proceed by induction on the size of J.

case 1:J=0
Those functions are equivalent to valuated arcs in an ordinary net.
Fg y ={b/bUN}, whereb(g, ¢)=b.

In the rest of the paper, this will be simply denoted b.



case 2 :J={i}

We first define two basic color functions. The first function corresponds to a synchronization of
all the objects in a class if it labels an input arc. It represents a diffusion to all the objects in a
class if it labels an output arc.

0J,0az=0,

a.5;:C;xCy - N

a.S;(c';, I i) =a
jar

The second function allows one to select one object whose behavior will be independent of that
of the other objects of the class when firing the transition.

OJ suchthati OJ, Ob =0,

b.X;:C;xCy - N

b.Xj(c'i, |_| ¢j)=1Id (c'y, ¢i) = (If ¢; = ¢'j then b else 0).
jar

Now we can define the sets

B o {a.S;, =20} if i0J
T (@ Si+bi. X, @20, a4b20) if i07J
case3: 120

On each component of the product, the function behaves like an elementary one.

FJ,J' = /n <g . S;+b;. X;>, witha; .S;+b; . X; U Fi,J' \ .
\icw /

where [ ] <g . S; + b; . X;> is anotation for <a;, . S;, + b;, . Xj,, ..., @i - S + by - X
i}
[ <a.Si+b;. X>| (cy, op)=TT(<a;. Si+b;. Xi> (s, ¢p)
i0J i)

Notice that X; does not appear if i U J'. This comes from the fact that the firing of a transition
cannot distinguish an object of C; if this transition does not include C; in its color domain. As a
consequence, [Jf [ F; g, Uec, c' UGy, f(c, g) =1(c, ).

3.1.4 Regular nets

A regular net is a colored net whose color domains and functions are those defined in the former

section.



Definition : A regular net RN =<P, T, C, J, W-, W+, Tt M;> is defined by :
P, the finite set of places,
T, the finite set of transitions, PN T=@, PO T # O,
C the set of object classes : C={C, ..., C,}, with G, n C; = 1]
(we will denote I = {1, ..., n} the ordered set of indexes),

J:PUT - P(), where P(I) denotes the set of ordered parts of 1

)= 1 C; denotes the color domain of s. If J = @, M Ci=1{g)),
jOIGs) jo

W-(p, 1), W(p, t) U Fy,) j() the input and output functions,

T: T — N the priority function.
My(p) U Fy(p @ is the initial marking of the place p.

Notation : My(p)(c, €) will be simply denoted My(p, c). As a consequence of the symmetry
property on Fj ¢, we have U p UP, Ue, ¢' U C(p), My(p, ¢) = My(p, ¢").

Definition of the firing rule : a transition t is enabled for a color ¢ in a marking m iff the two

following conditions are fulfilled.
1) UpdP,Oc TOC(p), W-(p, t)(c', c) <M(p, c")
which is the expression of the firing rule in a net without priorities
(2 Ot with Tqt') > T(t), Oc" OC(H), Up U P, Uc' U C(p),
W-(p, t)(c', c") > M(p, c'), which means that no higher priority transition is
enabled.

3.2 Symmetry properties of regular nets
The introduction of regular nets has been motivated by the fact that many symmetries existed in
most of the system studied. In this section we present some symmetry properties of this class of

colored nets.

Definition : Let { = {s =<sy, ..., s,> / s; is a permutation on C;}, a subgroup of the permutations

onC;x...xC,.
n

(s =<sq, ..., s,> will be also denoted N Si)-
i=1

O0s0Z 03 OLOc=[1¢,0107,s0@=I1 s(c.
iar i0J

When no confusion on J is possible, sI(c) can be simply denoted s(c).

Definition : let M a marking, s [ { a permutation. Then s.M is a marking defined by :
Op OP, Oc OC(p), M (p, ¢) =M (p, s/P)(c)).



Proposition : s.M defines an operation of the group { on the set of markings, i.e.,
s, s' ¢ OM amarking, (sos').M=s.(s"M)

1idM =M.

Definition : let (t, ¢c) a colored transition, s [J { a permutation. Then s.(t, ¢) is a colored
transition defined by :
Ot¢OT, Oc OC(), s.(t, c)=(t, s'O(c))

Proposition : s.(t, ¢) defines an operation of the group {on {(t,c)/t T, c OC(t)}.

We now give the expression of the basic theorem in general regular nets with priorities. This

theorem expresses the fundamental symmetry property of regular nets.

Theorem : 0 M, M' two markings, Ot O T, Oc OC(t), Os O,
M[(t, c) > M' / s.M[s.(t, c) > s.M".
The firing of a transition is preserved by the operation of a permutation on the marking and the

color of the transition.

We introduce another operation of { useful for the definition of our stochastic model.

Definition : let Q a set of colored transitions, s [ { a permutation. Then s.Q is a set of colored
transitions defined by : s.Q = {s.(t, ¢) / (t, c) U Q}.

Proposition : 5.Q defines an operation of the group  on the powerset of colored transitions.

3.3 Normalization of a regular net

The normalization of a net maps a net in which the color domain of a place or a transition is
built on any Cartesian product of basic object domains on a net in which the color domains of
all places and transitions are the Cartesian product of all basic object domains. The
normalization does not modify the semantics of the net, and it results in a simplification of the

analysis of the model.



Definition : normalization of a function. Let f [J F; ;. defined by

f= I_I <g.S;+b;. X;>, witha; . S;+b;. Xj DFi,J'
iaJ

The normalized color function % is defined by

%DFI,I, 'f\‘=|_| <ﬁi. Si+€i-Xi>-
il

with if i [ J then {51 N

~

else

%=1
\bi =0

=

Definition : Let R aregular net. The normalized regular net R associated to R is defined by :

P=P,

~

T=T,

C=¢,

s, T(s) =1,

W 0=Wp 0. W, 0=We, o,
M=T{

Mo (p) = Mo(p).

Definition : restricted color.

Let J an ordered subset of I, and c = |_| ¢; anelement of Cy . Then, for any ordered J' [1J, the
iy

restriction of ¢ to Cy is defined by ¢! = Me.
iy

Remark : Let M a marking in R, 1/\\/1 a marking in R.
OpOP,OcOC, M(p, ¢) =M(p, J®).

Property : Semantics preservation. O (cy, ..., ¢,) O (Cp¥k,
@ inR, Mo [(t, c1), oo (b ) >M O inR, Mo [(t1, ¢, ..., (4, ™) > M, with M = M.

@ inR, Mg [(t}, "), ..., (4, ) > M
0 inR, O¢;suchthate{@=cd®, My, ¢y, ... (4 ¢1) > M

-10 -



Corollary :
Let G the reachability graph of R, G =<V, A>, G the reachability graph of R, G=<V, A>.

The elements of the set of vertices V are the markings, and A 1is the set of arcs.
(1) Oa unique bijection ¢ : V - V, such that oM) = M.

(2) For each arc M|[(t, ¢) > M' O A, we have

O ¢ OC; such thatc'7® =, M[(t, ¢')> M' O A.

3 0c0C, if Mit, ¢)>M OX then M[(t, ©) > M 0 A.

3.4 Generalized Regular Stochastic Petri Nets

Generalized Regular Stochastic Petri Nets are a timed extension of Regular Petri nets in which
transitions are either immediate, or have an exponentially distributed firing delay. To preserve
the symmetry of the underlying model, we impose that all the color instances of a transition
have the same firing delay. This is not a very restrictive condition as all the objects of a class

have similar behaviors and it is thus natural to consider that they require the same service.

Notation : we denote T, = {t U T, T(t) = n}, the set of all priority n transitions.

I\_/I(p) = 2 M(p, c) is the total number of tokens in p, whatever the color.
cOC(p)

Preliminary explanations : Let M a reachable marking of a regular net R. If M is not a dead
marking, then there exists a single i such that the set of the transitions enabled in the marking M
is included in {(t,c) /t U T;, ¢ U C(t)}. If i is equal to zero the stochastic behavior of the net is
entirely determined by the firing rates of the enabled transitions. If i is positive, the specification
of the stochastic behavior requires the definition of a switch table. In this table, a probability to

fire is associated to any enabled transition, depending on the other enabled transitions.

Thus the stochastic behavior is completely specified by :

- for any timed transition t, a firing rate that possibly depends on the marking M
(denoted
by A(OM) ).

- A switch table for some subsets Q of immediate transitions (denoted STg ). These
switch tables will be grouped according to the priority level (denoted ST; ). In fact, we do not
need to specify all the subsets of {(t, c) /t U T;, ¢ U C(t)} but only the sets of transitions
enabled in the same marking (denoted Dg(ST;) ). The union of all these tables will be denoted

ST.

-11 -



Definition : A GRSPN is defined by (RN, A, ST), where

RN is a regular stochastic Petri net,
A :Ty - [NP . R*], such that A(®(M) is the possibly marking dependent weight associated

to the transition t of priority 0.
max

ST =[] ST; is the set of switching tables, with max being the maximum priority level in the
i=1
model,
Let P ({(t, ¢) |tO Ti, ¢ O C(t)}), the set of non-empty parts of {(t, ¢) [t Ti, ¢ O C(t)}.
Then Dgr(STi) O P*({(t, o) |tO Ti, ¢ O C(v)}) is the domain of ST; , where
ST,= L[] STg is the switching table at the priority level 1,

QUDKST)
STQ QS [NP — R+]

Conditions on the model :
() OM OG, either Ty O {(t, ¢) | M[(t, ¢) > }, or i, {(t, ¢) | MI[(t, ¢) > } O DR(ST)).

Either all the transitions enabled by a reachable marking M are timed, or a random switch must

be specified for the set of conflicting transitions in M.

@ Oi, JQODST), DMONP, 2 STq(t, c)(M) >0.
(t, 0)Q

Among the transitions that are in conflict in a marking, one at least has a positive probability to
fire.

(3) (Q ODg(ST;) U s.Q UDg(ST;) and (ST, o (s.(t, ¢)) = STq(t, ¢)).

Given a subset specified by a switch table, the operation of a permutation on the colored
transitions leads to a new subset that must be also specified. Moreover the functions of the

original table are preserved by the operation of the permutation on the colored transitions.

Implicit conditions (included in the definition) :
(4) we impose that all the color instances of a transition have the same firing rate.

(5) all the functions in a switch table, and the firing rates depend only on M and not on M.

The next section describes a multiprocessor architecture we will analyze with our lumping
technique. A stochastic Petri net model is presented, together with a colored stochastic Petri

net of the same system.

IV - AMULTIPROCESSOR ARCHITECTURE

Our example is derived from the multiprocessor architecture presented in [Ajm 84].

-12 -



In that paper, it has been shown that generalized stochastic Petri nets were well suited to the
performance evaluation of a multiprocessor architecture. The same multiprocessor
architecture was represented by several more and more simple models. The model finally
obtained was rather concise, yet structurally depending on the number of buses. However, the
simplification of the model required quite a good skill both in the comprehension of the
system and the handling of Petri net models. Here we present a regular Petri net model of the
same architecture. The introduction of color functions allows us to obtain a more intuitive
model, which structure does not depend on the parameters of the system (number of buses,

processors, memories). Description of the models :

A set of p processing units (place P1) cooperate by exchanging messages through a set of m
common memories that can be reached through a network of b buses (place P2). A processor
executes in its private memory for an exponentially distributed random time with average 1/A
before issuing (firing of T1) an access request directed to one of the common memories in
the system. A processor that wants to issue a request will have to wait if no bus is available
(place P3). The tokens in P4 represent the processors using one of the common memories,
and the tokens in PS5 the processors that have issued a request to a busy memory. The
durations of accesses to common memories are independent exponentially distributed,
random variables with average 1/[1. We first recall the Petri net model in [Ajm 84], in case of
p processors, 3 buses and at least two memories, then we give the regular net model.

Immediate transitions are represented with thin black bars.

/4

T2 T4
P4

TSa

TSb

-13 -



A token in P3 represents a processor that has issued a request to a memory, and the number
of tokens in P4 gives the number of busy memories. If P4 is empty, only T2 is enabled. If
there is at least one token in P4 then T2, T3a, T3b are in conflict, thus requiring the
definition of a random switch. A processor issues a request to a free memory with probability
(1 - M(P4)/m). If there is exactly one token in P4, either P5Sa or P5b will represent the queue
for the busy memory. So if neither is marked, there is an equal probability of firing T3a or
T3b, whereas if one is marked, only the corresponding transition can be fired. If there are
two marks in P4, T3a and T3b have the same firing probability, meaning that a processor has
an equal probability of accessing either of the busy memories. Notice that as a processor
needs a bus to issue his request, there can be no more than two busy memories at the time the
request is issued.

We give the definition of the switch using GreatSPN formalism (#P means the marking of

place P, "ever" gives the value of the rate when none of the former conditions is true).

switch : T2: everl-#P4/m;
T3a: when (#P4 =1 & #P5b > 0) : 0 ; when (#P4 = 1 & #P5a > 0) : #P4/m ; ever #P4/2m ;
T3b: when (#P4 =1 & #P5a > 0) : 0 ; when (#P4 = 1 & #P5b > 0) : #P4/m ; ever #P4 /2m ;

The marking of P4 represents the number of busy memories. So if no processor is awaiting a
memory, T4 is fired with a rate p*M(P4). If there are as many busy memories as awaited
memories, then T4 is not enabled and the end of an access will be represented by the firing of
T5a or T5b. In fact, the firing of TS means that the processor awaiting in P5 immediately
takes the memory that has just been liberated and replaces the token in P4 meaning that the

memory is busy again.

rate of T4 : when (#P4 > 2 & #P5a > 0 & #P5b > 0) : U * (#P4-2) ;
when (#P4 « 2 & #P5a> 0 & #P5b > 0): 0
when (#P5a > 0 & #P5b =0) or (#P5a =0 & #P5b > 0) : pu* (#P4 - 1) ; ever U * #P4 ;

The construction of such a model is not natural and requires a great ability in the
understanding of the system and the handling of Petri nets. Only a skilled user could produce
such a model. Moreover, the modification of the number of buses changes the structure of the

model, and requires to redefine the switch and the rate of T4.

14 -



We now give a more intuitive colored Petri net model of the same system :

'

C,, is the set of shared memories, with | C m. The value of k is any integer verifying k =

ml|=
p - 1 (k is the capacity of the queue for one memory). The contention for memories is
represented using color functions. X, is the identity function applied to the color set C. It
is used to identify the different

memories. P4 models the free memories, and less than k color my tokens in P5 means that at least one
processor is waiting for m;.

Switching table definition :

For any marking of the net in which a processor tries to access a memory, either no bus is
available and neither T2 nor T3 is enabled, or a processor can access any memory with the
same probability. The set of conflicting transitions in an ordinary marking M is given by

Om ={(T2, ¢) [M(p4, ¢) = 0) O{(T3, ¢) |[ M(p4, ¢) > 0} .

We can notice that for one color ¢, the choice between T2 and T3 is deterministic, as

(T2, ¢) and
(T3, c) are not simultaneously fireable.
For any marking M, we have | Q) | = m. All the memories are accessed with the same

probability. Therefore, for all reachable M
Ox0Qu, STg, ) =1

-15-



The switch can thus be defined by a unique formula, whatever the marking. This is a specific
property of the example, not a general property of GRSPN's. Moreover, the definition of the

switch remains true for any value of the parameters of the model.

V - STATE AGGREGATION

When trying to solve large Markov chains, several techniques can be used. Some
approximate techniques, such as simulation, are always possible, but they are generally very
expensive, and the user may have to face some accuracy problems. As far as an exact
resolution is concerned, the most frequently used technique is an aggregation of states that
preserves the markovian property of the original process. A strong lumping condition has
been defined in [Kem 60] under which an aggregated process was markovian.
Unfortunately, the condition can be applied only once the partition of states into classes has
been performed. No algorithm exists that allows one to regroup states in a way that ensures
that the lumping condition will be verified. The definition of a sound partition relies on the

skill of the analyst who generally uses the intrinsic symmetries of the model.

Because of their symmetries, the regular nets allow one to define a priori the partition of
states into classes called symbolic markings, thus avoiding the construction of the whole
reachability graph. A lumped process can be directly constructed, from which class
probabilities can be computed. Moreover, all the states within a class have the same

probability.

In this section, the definition of a symbolic marking, and the construction of the lumped
Markov process are presented. We also explain how the original probabilities can be

calculated.

5.1 Symbolic markings

For the sake of simplicity, we will only consider in this section nets in which all places and
transitions have the same color domain. As we have already shown, this is not a restriction.
We define here the way of building a symbolic marking.

Definition : Let { = {s=<s, ..., 8>, s;

is a permutation on C;}, and reg(M) = {s.M, s U (}.

The sets reg(M) define a partition of the set of markings that induces an equivalence relation
R:
MRM' / regM) =reg(M').
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The equivalence classes of the relation R are called symbolic markings, denoted by M.

Optimal representation of a symbolic marking :

The basic principle for representing a symbolic marking consists in grouping in a subclass all
the objects of a class that have the same marking i.e, the marking is left unchanged when
permuting two objects of the subclass. The identity of the objects in a subclass is then
forgotten and only the number of objects is taken into account for each subclass. In this goal,
each object class C; is partitioned in a number of subclasses, C; = {C; j, ..., G}, such that
all the objects in a subclass have the same marking. The cardinalities of each subclass, which

values are in N, verify

ijl,si |C;;| = Ci|- The marking of each place is then similar to an ordinary marking where

the subclasses are considered as objects. Moreover the grouping is maximal, i.e., the objects

belonging to two different subclasses do not have the same marking.

The representation of symbolic markings as defined above is unique within a permutation
<pi,..--p,> of the set of subclasses. However, it is possible to define and to calculate a

canonical representation for each symbolic marking by an adequate ordering [Had 87].

Notice that the decomposition of subclasses is local to a symbolic marking. Thus the subclass
G, appearing in a symbolic marking M and the same subclass C; ; appearing in a symbolic

marking M' do not have related meanings.

Notation In M, we will denote the partition of a class C; in {C; |, ..., C; by :
Ci={Ci;, ..., Ci 4} and when confusion may arise |C; ;| \ will denote the cardinality |C;;| in

M.
5.2 Symbolic firing rule

In order to build a symbolic graph, we first define a symbolic firing rule on the symbolic
markings which must be sound i.e., an ordinary marking enables a colored transition if and
only if its symbolic marking enables an equivalent symbolic firing and the ordinary marking
obtained by the firing belongs to the symbolic marking obtained by the symbolic firing. The
primary effect of the symbolic firing will be to split each instantiated subclass in two
subclasses, one with the object instantiated in the underlying firing and the other with the

objects remaining in the subclass. Thus we formally define this splitting.
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Definition 1 : Let M a symbolic marking. Then M[C, ;, ..., C
-If |C; | > 1 then

Ci={Cip, - Cigpr Cigiyr tWith

ICisiv1l = [Ciyil M- 1, [Ciil= 1,]|Cij|=|C;;|l m forany j # uiand # si+1

else the partition of C; is unchanged

] is a marking defined by :

n,un

- The marking of the old subclasses is unchanged and the marking of the new subclass C; g

is the same as the one of C; ;; .

Notice that in M[C, ;, ..., C ] the grouping is not always maximal and that even if the

grouping is maximal the representation is not always canonical. But it does not matter since
this symbolic marking is just an intermediate marking and it will not appear in the symbolic

graph.

The instantiation of a transition in a symbolic firing will be made by choosing a subclass per
class instead of an object per class in an ordinary firing. Thus we must define the value of the
colored functions for subclasses. This definition is the same as the one for the objects. In the
case where an instantiated subclass has more than one object the symbolic firing should be
enabled for the object instantiated in the underlying firing and for the other objects of the
subclass which are not instantiated. Thus the definition should be different but since we

apply our definitions on split markings, this case never appears.

Definition 2 : Let M a symbolic marking. Then :

<a;.S; + b;X;> is a function from C; x |_|J 1.n Cj— Nand
<a;.S; + b X> (Ciyis (Cpyps - ) =1If u; # v; then a; else (a;+b;)

n, un)

We extend this definition to a definition for the general class of functions F .

Definition 3 Let M a symbolic marking. Then :

[ » <&.S; +b;X;> is a function from M, , C;x I, , C; -~ Nand

I_I_] <a' S + bX> ( (Cl vls ce- 1‘1V1‘1) . (Cl,ul’ vy n,un) ) =

_] ln(<a S +bX>(C1v1’(Clul’""Cn,un)))

i=1,n i=1,n

) a tuple of subclasses such

Let M; a symbolic marking, t a transition, and (Cy ;, ..., C, 4

that
C UG G

1u1 1u1

is the distinguished subclass of C; for the firing of t.
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Definition 4 : tis enabled from M for (Cy j, ..., C; ) iff :

() OpOP,

MIC) s - Coand 02 Cyts - Cryn) 2 W, 0 ((Cy s -2 Coyn)s (Coyrs - Crun))
(2) Ot with T(t) > T(t), O (C'y 415 - Cyn)s Op O P, O(Cy yp, vv05 Coyg)

M[C'l,ul’ e C'n,un] (P, Cl,vl’ s Cn,vn) < W'(p, t) ((Cl,vl’ s Cn,vn)’ (Cvl,ul’ s C'n,un))

The symbolic marking M' obtained by the firing t(C, ,, ..., C, ;) is calculated with the three

following steps :

Step 1 : We apply the incidence functions on M[C, ;, ..., C, ] giving a new symbolic
marking M,
UOpUP,
Mi(P, Cyv1s -+ Cuyn) = MICy 15 v Gy ind (0 €y 5 Gy
+ W, 0 (Cpyps o Coan)s (Crups - Coun)

Step 2 : as the grouping of states may not be maximal in M, it consists in grouping all the

subclasses that have same markings giving a new marking M, . In fact, only the split

subclasses may be equivalent to previously existing ones.
Step 3 : calculation for M, of the canonical representative marking M'.

5.3 Graph of symbolic markings :

5.3.1 Construction :

The algorithm for constructing the graph of reachable symbolic markings (GSM) is different
from the construction of the ordinary reachability graph (RG) only by the firing rule and the
labels of the arcs that are made of the transitions and the tuples of firing subclasses, whereas
in RG we have the transition and the tuple of firing objects. Notice that the initial symbolic
marking only contains the initial ordinary marking because of the symmetry of the initial

marking.

5.3.2 Some properties of the graph of symbolic markings :

Many properties have been proved on the graph of symbolic markings, such as quasi-
liveness, and the possibility of finding a home state. However, we will only present some
properties that are useful for the proof of the algorithm that computes the symbolic marking
probabilities. All the proofs of the propositions given here are in [Had 87] and will not be

repeated.
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Notations : Let C; = {C; ;, ..., Cj} the partition of the class C; in the symbolic marking M.
Let M be an ordinary marking of M. We will denote by M.reg(c;) = C; ; the subclass to
which ¢; belongs in the marking M. Notice that M(p, Cy y, ..., Cp, yn) = M(p, (¢4, ..., ¢,)), for
M OM and M.reg(cj) = Cj,uj'

Proposition 1 : The enabling of a transition is equivalent for an ordinary marking and for the

associated symbolic marking :
UM OM, M[t(cy, ..., ¢ )> 7/ reg(M)[t( M.reg(cy), ..., M.reg(c,))>.

Proposition 2 : The firing property comprises two steps :

UM, M', M[t(cy, ..., ¢ )>M' O reg(M)[t( M.reg(cy), ..., M.reg(c,,))>reg(M’).
The reciprocal property is not true for any couple (M, M'"). Yet we have :

O M, M' two symbolic markings, 0 M' O reg-l( M),

M[t( Cy yp5 --o» Cpyn )M/

OM Oreg'l(M), O(cy, ..., ¢,) such that M.reg(cy) = Cyuk » Mlt(cy, ..., c))>M".

Proposition 3 : The reachability property is equivalent for the ordinary and the symbolic
markings :

M O RG / reg(M) U GSM.

Because of the homogeneous timing of the different color instances of a transition, the
partition of states into symbolic markings avoid the construction of non-uniform classes [Chi
88] that comprise both vanishing and tangible markings. If one state in a class enables an

immediate transition, then it is the same for all the states in the class.
5.4 Calculation of the solution

Once the symbolic graph has been computed, we apply a similar method as the one in
[Ajm84]. This method consists in solving an embedded Markov chain in which the transition
instants correspond to a change of state. The solution of the original process is then obtained
by a simple transformation. We first present the resolution algorithm on the symbolic

reachability graph, then we give a sketch of the proof.
The first step of the algorithm consists in the computation of the transition probability matrix

A*, in which the entry (I, J) is the probability of going from the symbolic marking I to the

symbolic marking J, disregarding the notion of time.
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M Aww®.|Di...|Di|

* alA g .
Ag = &2 — - - I tangible,
M A ®.[Di[..|Di]
alJAq

where A j is the set of symbolic arcs leading from I to J, Ay is the set of symbolic arcs out

of I (including the loops on I), and D%, is the subclass of C; instantiating the transition that

labels a.
M ST ik @)E k)
A*(I, n= 20Aaws — I vanishing,
[T ST qd 1 ®@)a. k)
alJA ik

A ) g 1s the set of arcs leading from one marking (i.k) of I to any marking in J. Because of

the symmetries, the value of the sum does not depend on the choice of (i. k).

ES ES
Aagp=-T1 Aqn-
1#]

The solution of the embedded Markov chain is obtained by solving the linear system Y* . A*
=0, Y" being a probability vector. The state probabilites of the original process are obtained
from Y* by a simple transformation [Ajm 84]. The vanishing states have a probability zero,

whereas the probability of the tangible state I is obtained by :

1

M A ® DI (D8]
alJAq

Pi=Y].

*

Y;

J [IZGSM M A @) .|Dj|... D3|
alA,

The algorithm can be proved by showing that the solutions of the embedded Markov chains
are the same in the ordinary and the aggregated case, and that the transformation coefficients
are equal. The first step consists in showing that all the markings within a symbolic marking
have the same probability. The linear system can thus be reduced, and the solution is still a
probability vector. The reduced system is exactly the one obtained with the algorithm we
have presented. The equality of the transformation coefficients is derived from the
correspondence between the arcs in the ordinary and the symbolic reachability graph
(Proposition 2 of Section 5.3.2).
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5.5 Disaggregation of states

One of the major drawbacks of markovian lumping is that once the probability of a class of
states has been calculated, it is not easy to derive the probability of one particular state within
the class. However, the symmetry of our model allowed us to prove that all the states within
a class have the same probability. As the cardinality of a class of states can be easily
computed, the knowledge of the probability of either a state or its class are equivalent.

Yet because of the meaningful way of lumping the states, the disaggregation step is not
always necessary. As the states within a class are symmetric, it can be more significant to the
analyst to know for instance that one memory is being accessed by a processor than to know
that the memory M is being accessed by the processor P. The improvement brought by our
method depends on the cardinalities of state classes and is all the more important as the

cardinalities of the color sets are great (factorial dependence).

VI - EXAMPLE

A complete performance evaluation of that system has already been presented in [Ajm 84].
We will not give again all the results, but we will show that the same results can be obtained
with a colored model by generating only the symbolic reachability graph.

Results :

We just focus on one symbolic marking to show the correspondance with the ordinary

markings.
marking probability
symbolic 1, 1, 0, C2+C3, Cl, 2.C2, k.(C1+C3) + (k-2).C2
(P1, P2, P3, P4, P4, P5, PS) (1. 1,0, €2+C3, €1, 262, k(C1C) + (2)€2) 1.0641e-02
IC1]=2, |C2|=|C3|=1.

, (1. 1.0 2, 2, 0) 5.3204¢-03

ordinary ’
(P1, P2, P3, P4, P5a, P5b) (1, 1,0, 2,0, 2 5.3204e-03
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The probabilities have been obtained for a load factor p = A/pL = 0.3.
This marking represents a state in which two memories are busy, two processors are waiting for
the same busy memory, and the fifth processor executes in its private memory. The number of

corresponding markings in the unfolded net would be 12.

The analysis of the model has been performed using GreatSPN software [Chi 87]. We compare
the number of markings obtained for our model, and for the model in [Ajm 84]. For less than 3
buses, the number of markings in both models is exactly the same. This is due to the fact that a
processor trying to access a memory needs a bus. So at the moment when it can ask for a
memory, one at most is busy, and the coloration has no influence on the model. We present the
results for a model with 3 buses, 4 memories and 5 processors. In fact, the number of symbolic
markings does not depend on the number of memories, as far as m = b. An increase in the

number of memories would modify only the cardinalities of the symbolic markings.

markings tangible | vanishing total
symbolic 19 10 29
ordinary 31 15 46

For the ordinary net, the number of markings actually constructed is 50 tangible and 32
vanishing markings. This is due to the timing definition, and the fact that the timing is checked
only once the reachability graph has been constructed. As a consequence, some markings are

constructed, that in fact are not reachable. Those markings are called inconsistent.

When the number of buses increases, the definition of the marking dependent rate associated
with T4 in the ordinary net becomes quite complex, as it depends on the markings of three
waiting places. It is almost impossible to still use that model. With our GRSPN model, the
number of tangible markings for 4 buses, 8 processors and at least 4 memories would be 67,

whereas the GSPN model would lead to 450 tangible markings, some of them inconsistent.

The probabilities obtained with the symbolic graph and the ordinary graph are exactly the same.
The model in [Ajm 84] was already a great improvement in the complexity of the analysis.
Besides an easier modeling, the GRSPN model provides a smaller reachability graph. We
therefore believe that GRSPN's can be a useful extension of GSPN's.
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VII - CONCLUSION

In this paper, we showed that a convenient lumping of states can be an efficient analysis method
provided that the system to be studied has symmetry properties. Such systems can be modeled
using a particular class of colored stochastic Petri nets for which the lumping of states can be
done a priori without constructing the whole Markov process. Moreover, the method is exact
and we showed by applying it to the performance evaluation of a multiprocessor architecture
that the improvement in the complexity is all the more important as the cardinalities of the color
classes are great.

A software tool is being developed to automatically construct the graph of symbolic markings.
We should thus be able to obtain more complete results in the performance analysis of

symmetric systems.

We now intend to analyze wider classes of colored nets. In this aim, our research directions will
be twofold. We will investigate other classes of nets for which we believe that symbolic
markings can be defined. However some classes of colored nets with particular symmetry types
cannot be analyzed this way. Therefore, we will try to extend to the stochastic analysis of a

model the reachability tree defined in [Hub 84] for colored nets.
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