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Abstrat Reursive Petri nets (RPNs) have been introdued to model systems

with dynami struture. In a previous work, we have shown that this

model is a strit extension of Petri nets, whereas reahability in RPNs

remains deidable. Here, we fous on its modelling features and on

some additional theoretial aspets. Three di�erent kinds of disrete

event systems are modellized by RPNs in order to give an insight of

their apabilities to express various mehanisms. Deision proedures

for new properties like boundedness and �niteness are presented and

reursiveness of languages of RPNs is proved. At last, we ompare RPNs

with two other models ombining Petri nets and ontext-free grammars

features showing that these models an be simulated by RPNs.

Introdution

In the area of veri�ation theory, a great attention has been paid on

in�nite state systems where an essential topi is to �nd a ompromise

between expressivity of the models and deidability of property veri�a-

tion. Among suh models, Petri nets present interesting harateristis.

On the one hand, Petri nets are now in widespread use for many di�er-

ent pratial purposes due to their great modelling apabilities [Jensen,

1987℄. On the other hand, it has been shown that the reahability prob-

lem [Mayr, 1981℄ is deidable.
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2 DISCRETE EVENT SYSTEMS: ANALYSIS AND CONTROL

Reently a new extension of Petri nets, reursive Petri nets (RPNs),

have been proposed with the aim to ombine Petri net and ontext-

free grammar behaviours [Haddad and Poitrenaud, 1999b℄. Roughly

speaking, in reursive Petri nets some transitions emulate onurrent

proedure alls by initiating a new token game in the net. The return

mehanism is ensured by reahability onditions. In [Haddad and Poitre-

naud, 1999b℄, we have shown how to deide the reahability problem for

RPNs and we have studied the expressive power of RPNs proving that

RPNs stritly inlude the union of Petri nets and ontext-free grammars

w.r.t. the generated languages.

From a modelling point of view, RPNs have been suessfully used for

speifying plans of agents in a multi-agent system [Seghrouhni and Had-

dad, 1996℄. We omplement this work with the modelling of three usual

mehanisms of disrete event systems : goal-oriented programming, fault

ourrenes and interruptions..

We also de�ne new deision proedures for important problems: bound-

edness, �niteness and reursivity of languages. Finally, we ompare the

model of RPNs with two other models ombining Petri nets and ontext-

free grammars features: net systems introdued by A. Kiehn [Kiehn,

1989℄ and proess algebra nets (PANs) [Mayr, 1997℄. We show that

RPNs inlude net systems and PANs. Complete proofs for the main

propositions are given in the tehnial report [Haddad and Poitrenaud,

1999a℄

1. RECURSIVE PETRI NETS

A RPN has the same struture as an ordinary one exept that the

transitions are partitioned into two ategories: elementary transitions

and abstrat transitions. Moreover, a starting marking is assoiated to

eah abstrat transition and a semi-linear set of �nal markings is de�ned.

The semantis of suh a net may be informally explained as follows. In

an ordinary net, a thread plays the token game by �ring a transition

and updating the urrent marking (its internal state). In a RPN there

is a dynamial tree of threads (denoting the fatherhood relation) where

eah thread plays its own token game. The step of a RPN is thus a

step of one of its threads. If the thread �res an elementary transition,

then it updates its urrent marking using the ordinary �ring rule. If

the thread �res an abstrat transition, it onsumes the input tokens of

the transition and generates a new hild whih begins its token game

with the starting marking of the transition. If the thread reahes a �nal

marking, it may terminate aborting its whole desent of threads and

produing (in the token game of its father) the output tokens of the
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abstrat transition whih gave birth to him. In ase of the root thread,

one obtains an empty tree.

De�nition 1 (Reursive Petri nets) A reursive Petri net is de�ned

by a tuple N = hP; T;W

�

;W

+

;
;�i where

P is a �nite set of plaes, T is a �nite set of transitions.

A transition of T an be either elementary or abstrat. The sets

of elementary and abstrat are respetively denoted by T

el

and T

ab

(with T = T

el

℄ T

ab

where ℄ denotes the disjoint union).

W

�

and W

+

are the pre and post ow funtions de�ned from P�T

to IN.


 is a labeling funtion whih assoiates to eah abstrat transition

an ordinary marking (i.e. an element of IN

P

) alled the starting

marking of t.

� is an e�etively semilinear set of �nal markings (any usual syn-

tax an be aepted for its spei�ation).

De�nition 2 (Extended marking) An extended marking tr of a re-

ursive Petri net N = hP; T;W

�

;W

+

;
;�i is a labeled tree tr = hV;M;

E;Ai where

V is the set of verties, M is a mapping V ! IN

P

,

E � V � V is the set of edges and A is a mapping E ! T

ab

.

A marked reursive Petri net hN; tr

0

i is a reursive Petri net N assoi-

ated to an initial extended marking tr

0

.

We denote by v

0

(tr) the root node of the extended marking tr. The

empty tree is denoted by ?. Any ordinary marking m an be seen as

an extended marking, denoted by dme, onsisting of a single node. For

a vertex v of an extended marking, we denote by pred(v) its (unique)

predeessor in the tree (de�ned only if v is di�erent from the root) and

by Su(v) the set of its diret and indiret suessors inluding v (8v 2

V; Su(v) = fv

0

2 V j (v; v

0

) 2 E

�

g where E

�

denotes the reexive and

transitive losure of E). An elementary step of a RPN may be either

a �ring of a transition or a losing of a subtree (alled a ut step and

denoted by �).

De�nition 3 A transition t is enabled in a vertex v of an extended

marking tr (denoted by tr

t;v

�!

) if 8p 2 P;M(v)(p) �W

�

(p; t) and a ut

step is enabled in v (denoted by tr

�;v

�!

) if M(v) 2 �
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De�nition 4 The �ring of an enabled elementary step t from a vertex v

of an extended marking tr = hV;M;E;Ai leads to the extended marking

tr

0

= hV

0

;M

0

; E

0

; A

0

i (denoted by tr

t;v

�!

tr

0

) depending on the type of t.

t 2 T

el

{ V

0

= V , E

0

= E , 8e 2 E;A

0

(e) = A(e), 8v

0

2 V n fvg,

M

0

(v

0

) =M(v

0

)

{ 8p 2 P;M

0

(v)(p) =M(v)(p) �W

�

(p; t) +W

+

(p; t)

t 2 T

ab

, (v

0

is a fresh identi�er absent in V )

{ V

0

= V [ fv

0

g , E

0

= E [ f(v; v

0

)g, 8e 2 E;A

0

(e) = A(e) ,

A

0

((v; v

0

)) = t

{ 8v

00

2 V nfvg;M

0

(v

00

) =M(v

00

), 8p 2 P;M

0

(v)(p) =M(v)(p)�

W

�

(p; t)

{ M

0

(v

0

) = 
(t)

t = �

{ V

0

= V nSu(v) , E

0

= E\ (V

0

�V

0

) , 8e 2 E

0

; A

0

(e) = A(e)

{ 8v

0

2 V

0

n fpred(v)g;M

0

(v

0

) =M(v

0

)

{ 8p 2 P;M

0

(pred(v))(p) =M(pred(v))(p)+W

+

(p;A(pred(v); v))

Let us notie that if v is the root of the tree then the �ring of �

leads to to empty tree ?.

At �rst sight, assoiating the same net to all the abstrat transitions

may seem restritive and arti�ial from a modelling point of view. Nev-

ertheless, it easy to simulate with RPNs the ativation of di�erent nets

depending on the abstrat transitions. Using only one net greatly sim-

plify notations and proofs.

Natural ondition for the termination of a thread are almost express-

ible by an e�etively semilinear set of markings. For instane, one an

express deadlok of a net, transition enabling, submarking reahabil-

ity, : : :As the e�etiveness of representation is preserved under union,

intersetion and omplementation, we will not �x some partiular rep-

resentation of the semilinear sets.

2. MODELLING

The three behaviors that we model with RPNs are diÆult or even

impossible to speify with typial models suh like Petri nets or proess

algebra.
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Figure 1 a onurrent goal oriented program

Modelling of goal-oriented programs

With the development of arti�ial intelligene, new programming para-

digms have been introdued with assoiated languages (e.g. Prolog).

The exeution of suh a program onsists in suessive appliations of

rules until some prediate is satis�ed. This kind of programming is qual-

i�ed as goal-oriented. On the other hand, parallel arhitetures have led

to onurrent programming. Goal-oriented and onurrent programming

have been merged in suh a way that several proesses an be exeuted

onurrently in order to satisfy a same goal. As soon as the goal is

satis�ed by one proess, all of them terminate.

The RPN shown in �gure 1 models a onurrent goal-oriented pro-

gram. We represent an abstrat transition by a double border retangle

and its initial marking is indiated in a frame. The goal of the program

is ahieved when the RPN reahes the extended marking ? from the

initial marking onsisting in a single node labeled by I

1:1

+ I

1:2

. From

this initial state, both abstrat transitions t

1:1

and t

1:2

are enabled and

their �rings lead to the reation of two independent threads. As soon

as one of these threads is ompleted, the plae G

1

is marked at the root

level and then a ut step is �rable at this level (see the de�nition of �)

and leads to ?. The �rst thread exeutes a simple sequential program

represented by the elementary transition t

2

. The seond one hooses

either to exeute also a simple program (the elementary transition t

3:1

)

or to make a reursive all (the abstrat transition t

3:2

).

A �ring sequene of this RPN is presented in the �gure 2. The thread

in whih the following step is �red is represented in blak. One an

notie that eah �ring of abstrat transition leads to the reation of a

new node in the tree whereas the �ring of the last ut step prunes the

omplete tree.

Let us remark that the �rst thread may ahieve its program while

the seond one is at any level of reursion. In other words, the state ?

an be reahed from an in�nite number of states. More generally the

transition system assoiated to a RPN may have some nodes with an

in�nite in-degree. This apability is not shared by Petri nets or proess



6 DISCRETE EVENT SYSTEMS: ANALYSIS AND CONTROL

t
1.1

t

t
3.2

1.2

1.2
t

t

t
1.1 1.21.1

t

t

1.1
t

t
3.2

t

1.2

3.2

O

O2
G

I

3.2

t

3

O

O

O

I

3

G
1

τ

t 1.2I   + I
1.1       1.2 1.2

I

I
2

τ

I

O

I
3

I
2

2
I

3

2

t
t 1.1

Figure 2 a �ring sequene

= {m | m(p     ) > 0}t

p

p    + p
faultt

p p

p

Υ

p

t

repair
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count

repair count

init         fault

start

Figure 3 a basi fault-tolerant system

algebras. Consequently, suh models annot diretly represent this kind

of systems.

Modelling of faults

In order to analyze fault-tolerant systems, the engineer starts from a

nominal system and then introdues the faulting behavior as well as the

repairing mehanisms. We limit ourselves to an elementary system. The

nominal system periodially reords some measure of the environment

(elementary transition t

r

). The number of measures is stored in plae

p

ount

. The omplete system is obtained by adding the left part of the

�gure 3. The behavior of the RPN an be desribed as follows. Initially

and in all the rash states, the extended marking onsists in a single

node. A token in the plae p

repair

indiates that one is repairing the

system while a token in p

start

indiates that the system is ready. When

the abstrat transition t

start

is �red the orret behavior is "played" by

the new thread. If this thread dies by a ut step, a rash state is reahed.

As the plae p

fault

is always marked in the orret system and from the

very de�nition of �, the ourrene of a fault is always possible. With

additional plaes and modifying �, we ould model more omplex fault

ourrenes (e.g. onditioned by software exeution).

The RPN swithes between states with a single vertex and states with

a root and a leaf. However, the number of reahable markings in the leaf
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Figure 4 an interruption mehanism

is in�nite (the plae p

ount

is unbounded). One again, the assoiated

transition system has a node with an in�nite in-degree.

Modelling of interruptions

Let us suppose that we have speify a one level exeution system and that

we want to add an interruption mehanism. In the RPN of the �gure 4,

the yle p, t, p

0

, t

0

represents this �rst level. The plae p

int1

ontrols

this exeution. When the abstrat transition t

int1

is �red this exeution

is interrupt and a seond level modellized by a token in p

up

and p

int2

is

ativated. The same onstrution applies again on this omponent net

making possible a reursive interruption proess. We should have bound

the number of interruption levels with additional plaes. In omparison

the same modelling with Petri net is rather diÆult as it requires to keep

eah ontext of suspended proess.

3. ANALYSIS

As stated in the introdution, the Petri net model appears as a limit

model for the deidability of properties for in�nite systems. Indeed,

slight extensions give it the Turing mahine expressive power. The sur-

prising fat with RPN model is that most of the properties deidable

in PN remains deidable for it while its expressive power is muh larger

than the PN one.

Deidability results

The reahability problem onsists to determine if a given state is reah-

able from another one. This problem has been demonstrated to be de-

idable for PN (see [Mayr, 1981℄).

Proposition 5 ([Haddad and Poitrenaud, 1999b℄) The reahabil-

ity problem is deidable for RPNs.
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The deision proedure presented in [Haddad and Poitrenaud, 1999b℄

redues the problem to some appliations of the deision proedure for

the ordinary Petri nets.

The boundedness property ensures that there is a bound for any plae

of any reahable extended marking and the �niteness property states

that the number of reahable extended markings is �nite. In Petri nets,

these two properties are equivalent and deidable. In RPNs, the equiv-

alene does not hold but deidability remains for both properties. An-

other important property is the apability to deide if a given word

belongs to the language generated by the system. Suh a language is

said to be reursive and this harateristi is a key point for the veri-

�ation of safety properties. We demonstrate that this problem is also

deidable for RPNs.

Proposition 6 ([Haddad and Poitrenaud, 1999a℄) The problems of

boundedness and �niteness are deidable for RPNs and the language of

a labeled RPN is reursive.

The deision proedures for boundedness and �niteness onsists to

some appliations of the reahability proedure for the ordinary Petri

nets. Unlike the situation in Petri nets, the reursivity of the languages

an not be proved using the reahability proedure for RPNs.

Expressiveness results

It has been demonstrated in [Haddad and Poitrenaud, 1999b℄ that RPNs

ombine features of Petri nets and ontext-free grammars. It is interest-

ing to ompare RPNs with similar models.

In her thesis, A. Kiehn has introdued a model alled net systems

[Kiehn, 1989℄. Net systems are a set of Petri nets with speial transitions

denoted aller transitions whih start a new Petri net. A all to a Petri

net may return if this net reah a �nal marking. All the nets are required

to be safe and the onstraints assoiated to the �nal marking ensure

that a net may not return if it has engaged alls. It is straightforward

to simulate a net system by a RPN. Moreover as the languages of Petri

nets are not inluded in the languages of net systems, the family of net

system languages is stritly inluded in the family of RPN languages.

Proess Algebra Nets (PANs), introdued by R. Mayr [Mayr, 1997℄,

are a model of proess algebra having the sequential omposition as well

as the parallel one. The left term of any rule of a PAN may use only

the parallel omposition of variables whereas the right side is a general

term. This model inludes Petri nets and ontext-free grammars. We

demonstrate that RPNs also inlude PANs.
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Proposition 7 ([Haddad and Poitrenaud, 1999a℄)

The union of ontext-free and Petri net languages is stritly in-

luded in the family of RPN languages,

the family of net system languages is stritly inluded in the family

of RPN languages,

the family of PAN languages is inluded in the family of RPN

languages.

Whereas we do not know whether the inlusion of the PAN languages

by the RPN ones is strit, we emphasize that the main di�erene between

RPNs and the two other models is the ability to prune subtrees from the

extended marking. This mehanism is indispensable for the modelling

of plans in multi-agents systems [Seghrouhni and Haddad, 1996℄.

This inlusion has an important onsequene. Indeed, in [Bouajjani

and Habermehl, 1996℄ it has been demonstrated that a PA-proess (a

muh less expressive model than PAN) and a �nite automaton together

an simulate a 2-ounter mahine. We an onlude that the model

heking of linear time temporal logi on ation is undeidable for RPNs

whereas this problem is deidable for Petri nets [Esparza, 1997℄.

However, one an notie that PANs as well as Proess Rewrite Systems

(a more expressive model) an not represent a transition system with an

in�nite in-degree.

4. CONCLUSION

In this work, we have deepened the analysis of reursive Petri nets.

Their modelling apabilities have been illustrated on various mehanisms

used in disrete event systems. Moreover some of them annot be model-

lized neither by Petri nets nor by proess algebra. We have also studied

theoretial features of reursive Petri nets whih omplement the ones

studied in [Haddad and Poitrenaud, 1999b℄ about reahability and ex-

pressivity. We have shown how to deide boundedness, �niteness of a

RPN and we have proved that the languages of RPNs are reursive. At

last, we have shown that RPNs inlude some previous models ombining

Petri nets and ontext-free grammars for whih the reahability remains

deidable. As a onsequene, the general model heking for reursive

Petri nets beomes undeidable even for a restrited temporal logi.

We plan to extend our studies in two di�erent ways. On the one

hand we want to add new features for reursive Petri nets and exam-

ine whether the main properties of RPNs remain deidable. We are

interested to introdue some ontext when a thread is initiated (e.g. the
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starting marking ould depend from the depth in the tree). On the other

hand, we are looking for an intermediate model between RPN and PN

for whih model heking remains deidable.
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