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Problems and Instances

A
» A problem P is a mapping from A to B.

» An instance is an item of A.

» When B = {true, false}, P is a decision problem.

Example: a graph G = (V, E) and two vertices s,t € V.

What is the length of a shortest path from s to ¢ (possibly c0)?

Does there exist a path from s to 7

Here we focus on decision problems.



Data Representation

A problem also defines the representation of instances and results.
Usually reasonnable representations should lead to same complexity measures.

Let G = (V, E) be a graph with n = |V| and m = |E]|.
Two possible representations:

» first the number n and then the pairs of vertices in F.
A size = (2m + 1) log(n + 1) bits;

» first the number n and then the adjacency matrix.
A size ~ n? + log(n + 1) bits.

The special case of integers:
» n in binary with size = log(n + 1);
» n in unary with size = n.

Unary representation is used to determine whether the complexity of the problem
comes from the numbers.



Complexity Measures

Time and Space.
Should be insensitive to scale change (so O(), (), ©()).
For space complexity, the size of the instance is not taken into account.
The choice of the computing device is relevant (contrary to the Church'’s thesis).
Example: A search in a sorted array of size n.

in O(log(n)) with direct access to memory;

in O(n) with sequential access (like Turing machine);



Establishing Complexity Bounds

Upper Bounds: Provide an algorithm and analyze its complexity.
Lower Bounds: Reduce an already studied problem to the current problem.

Bootstrapping in complexity: How to establish a lower bound for the first problem?



Two Kinds of Turing Machines

Deterministic Turing machines, DTM (as seen in Computability lectures)
» An input tape (i.e. no write);
» Some working tapes;

» For general problems, a stopping state and an output tape (i.e. no read);

\4

For decision problems, two absorbing states: accept and reject;

» Time complexity is the length of the run and space complexity is the maximal
position of a head of the working tapes along the run.

Non deterministic Turing machines, NTM (only for decision problems)
» A non deterministic transition function § : Q x ¥ — 2@*x>xMove.
» Several runs for a word;
» An existential semantic: the machine accepts if there is an accepting run;

» Time and space complexities are maximum values over the runs.



Measure Functions

f a non decreasing function from N to N is a measure function if:

» There is a Turing machine computing f(n),
» operating in time O(f(n) + n),
» and space O(f(n)).

A problem P belongs to:

» TIME(f) (resp. NTIME(f)) if there exists ng and a DTM (resp. NTM)
deciding P and operating in time at most f(n) for all instance of size n > ny.

» SPACE(f) (resp. NSPACE(f)) if there exists ng and a DTM (resp. NTM)
deciding P and operating in time at most f(n) for all instance of size n > ny.

So it is a worst case and asymptotic complexity.



Some Inclusions (1)

Determinism versus Non Determinism:

> TIME(f) € NTIME(f)
» SPACE(f) € NSPACE(f)

Time versus Space:

» TIME(f) € SPACE(f)
> NTIME(f) C NSPACE(f)

Accelerations: For all £ > 0,

» SPACE(kf) C SPACE(f)
» NSPACE(kf) C NSPACE(f)

In exercises, similar results for time.



Some Inclusions (2)

A first simulation: NTIME(f) C SPACE(f)

» Let n be the size of the instance, compute f(n) (in space O(f(n));

» Check the acceptance of all the possible runs using an array of f(n) choices
(in space O(f(n)) but in time O(k/(™) for some k).

A second simulation: NSPACE(f) C UiENT||\/|E(Z'f+10g)

Given an instance w of size n and an NTM M,
the configuration graph G s, is defined by:

» Vertices are configurations with working tapes of size f(n);

» There is an edge from c to ¢’ if there is a step of M from c to c'.
The deterministic machine:

» computes the configuration graph in time O(i/1°8) for some i;

» checks the reachability of an accepting configuration from the initial
configuration in linear time w.r.t. the size of the graph.



Standard Classes

Let n be the size of the instance.
LOGSPACE = SPACE(log(n))
NLOGSPACE = NSPACE(log(n))

P =PTIME = ey TIME(n*)

NP = NPTIME = (J,,cy NTIME(n*)
PSPACE = UkeNSPACE(n’“)
NPSPACE = (J, .y NSPACE(n*)

and beyond (see the M1 course on Advanced Complexity) ...

Let P be a decision problem. Then =P is the complementary problem.

Given a class C, coC is defined by coC = {—=P | P € C}.



Relation between Classes

NLOGSPACE
LOGSPACE = PTIME PSPACE —— NPSPACE

coNLOGSPACE coNP \/

Savitch theorem
Immerman-Szelepscényi theorem

A strict inclusion theorem



Reductions

Let P, P’ be decision problems ranging over A (resp. A’).

A PTIME (resp. LOGSPACE) reduction r is a mapping from A to A’ such that:
» Foralla € P, P'(r(a)) = P(a);

» There exists an algorithm implementing = and operating in PTIME (resp.
LOGSPACE).

Composition of reductions: Let P” ranging over A”.

» If r (resp. ') is PTIME reduction from P (resp. P’) to P’ (resp. P") then
r’ or is a PTIME reduction from P to P”;
Execute the second algorithm on the output of the first algorithm.

> If r (resp. r’) is LOGSPACE reduction from P (resp. P’) to P’ (resp. P")
then 7’ o r is a LOGSPACE reduction from P to P”;
See the exercices.




Hard and Complete Problems

Let C be a complexity class. Then:

» P is a C-hard problem if for all P’ € C there is a D-reduction with D < C.
(= means that D is supposed to be strictly included in C)

» P is a C-complete problem if P belongs to C and is C-hard.

Example: Use PTIME-reduction for NP and LOGSPACE-reduction for PTIME.

How to establish C-hardness for P?

» Either reduce P’, a C-complete problem, to P.

» Or pick an accepting TM M belonging to C and exhibit an algorithm that:
1. depends on M and C.
2. takes a word w as input.
3. outputs a,, € P such that P(a.) iff M accepts w.
4. operates in the appropriate class D.
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Propositional Logic

A formula of propositional logic ¢ is inductively defined by:
» ¢ may be true, false or an atomic proposition in a countable set Prop;
> 0 =1, p =1V, =p A ps where @1,y are formulas.

An interpretation v is a mapping from Prop to {true, false}.

Let v be an interpretation. Then v may be extended to formulas as follows.
> v(mp1) ==(v(e1));
> v(p1Vp2) = V(v(er), v(e2));
> v(p1 Ap2) = Av(e1), v(e2)).

Here = (resp. V, A) is the function from {true, false} (resp. {true, false}?) to
{true, false} corresponding to the operator = (resp. V, A).

Other operators are abbreviations:
> o= =(0p) VY

o Uv=(p=>Y)A W =),
» etc.



The Satisfiability Problem

Let ¢ be a formula and v be an interpretation.
If v(p) = true, one says that v satisfies ¢, denoted by v = .

Given a formula ¢ as input, the satisfiability problem asks
whether there exists an interpretation v such that v |= ¢.

The satisfiability problem belongs to NP:

» Let p1,...,pn be the propositions occurring in ¢,
guess in linear time v(p1),...,v(pn);

» Evaluate in linear time v(p) by a recursive function
implementing the definition of v(yp).



Satisfiability is NP-hard (1)
Let M be a NTM operating in polynomial time p(n) where n is the size of the
Input w.
We code a configuration at time j < p(n) by the following propositions:
» Forall ¢ € Q, ¢/ is true if the state is q;
» For all 0 < i < p(n), i is true if the position of the head is i;
» Forall 0 <i<p(n),a€x,alistrue if the i*" cell contains a.

We denote s’ the set of these propositions.

Given a configuration ¢ of M operating on w, v/ is the interpretation of s/
corresponding to c.

The formula @, is a conjunction of subformulas among them for all j < p(n):

> Vyeo @ and forall ¢ # ¢/ € Q, =g’ V =(¢')’;

> \/Kp(n) i and for all i < i’ < p(n), =i/ vV =(i');

> for all i < p(n), \/,cxal and for all a # o’ € S, =al vV =(a’)!.
These subformulas ensure that, given an interpretation v = @ aq .,
for all j, there is a single configuration ¢, such that v(s?) = v_; (s7).



Satisfiability is NP-hard (2)
The following subformulas are related to initial and final configurations:
qinit®, 1%, 8%, w(l]y, ... w[n]y, by, 000, qaccP™,

These subformulas ensure that, given an interpretation v = @ g4,

cY is the initial configuration and cg(") is an accepting configuration.

Let 6(‘17 a) = {(nql (q1 a)7 nai (q1 a)7 dpl (qv a‘))7 e (an (q7 a)1 nag (q7 a)1 de(q7 a‘))}
The following subformulas are related to the steps of M
for all j < p(n), i <p(n), a € %:

> (~¥) = (o] & al ),

> forall g € Q, (¢7 AT Aal) = Ve g nak(g, )7 A (i + dpi(q, @)7 ! Anag (g, a)] ™
with a conjunctive clause of the conclusion substituted by false
when i + dpg (g, a) ¢ [0, p(n)].

These subformulas ensure that, given an interpretation v = ¢ g4,
for all j < p(n), ¢/, = el L.
cII;(n)

e Thus if v = @, then el ..., is an accepting run for w.

0

e Conversely assume ¢c?,...,c”("™ is an accepting run.

Then v, defined by for all j v(s?) = v.;(s?), satisfies .



Formulas in CNF
A formula ¢ is in conjunctive normal form (CNF) if:
> o= /\z‘gm 1); where every 1); is a clause;

» A clause ¢; =/ 0; ; where every 0, ; is a literal,

Jj<n;

» A literal is either some p or —p where p is a proposition.

@ and v are equivalent if for all v, v(p) = v(¥).

For all formula, one can build an equivalent CNF formula as follows.

» Push the negations in front of the propositions:

> = @
> (o1 Vp2) = (1) A (mp2);
> (1 Aw2) = (1) V (mep2).

» Push the disjunctions below the conjunctions:
(1 Ap2) Vs = (91 V 93) A (p2 V p3).

However this is an exponential time procedure and this blowup is unavoidable.



3SAT is NP-complete (1)

Let ¢ be CNF formula where all clause has at most 3 literals. Then 3SAT asks
whether ¢ is satisfiable.

Let ¢ be an arbitrary formula, one builds in PTIME a 3CNF formula 1 as follows.

» For all occurrence of an operator, add a new proposition and label the node of
the syntactical tree by this proposition;
» The clauses of 1 are defined as follows. The proposition labelling the root is a
clause and for all inner node of the tree:
» If it is a negation labelled by x and y labels its son,
then -~z V -y and x V y are clauses;
» If it is a conjunction labelled by = and y, z label its sons,
then x V -y V =z and —x V y, =x V z are clauses;
» If it is a disjunction labelled by x and y, z label its sons,
then ~z VyV z and x V —y,  V —z are clauses.

¢ = (=(pAg))Vr

Y=zvA(—zvVanVr)A(zvV-zn)A(zoV -r)
A (mzn V —zw) A (zn V zw) A
(xw V =pV =q) A (mzw V p) A (mzw V q)



3SAT is NP-complete (2)

’cp is satisfiable if and only if v is satisfiable. ‘

Proof.

e Assume v = .

Let v/ extending v on the new propositions as follows.

Let = be a proposition corresponding to an inner node with subformula .
Then choose v/ () = v(ps).

It is routine to check that v/ = ).

e Assume v = 9.
By induction on the size of subformulas, one proves that v(z) = v(p,).
Considering the clause x where z labels the root, one gets v(y) = true.



The Hamiltonian Circuit Problem (1)

Let G = (V, E) be a directed graph with V' = {wg,...,v,_1}.
A Hamiltonian circuit is a permutation o of {0,...,n — 1} such that:
forall 0 <i<mn, (’Ug(i), Ua-(iJrl%n)) eF

The Hamiltonian circuit problem asks whether a Hamiltonian circuit exists.

The Hamiltonian circuit problem belongs to NP.
» Guess in linear time a mapping ¢ from {0,...,n — 1} to itself.
» Check in polynomial time that o is a permutation.

» Check in linear time that o defines a circuit.



The Hamiltonian Circuit Problem (2)
Let ¢ be a CNF formula with atomic propositions p1, ..., p, and m clauses
{¢j}1<j<m where no clause includes a proposition and its negation.

One builds G, in two steps.

jf- @@@




The Hamiltonian Circuit Problem (3)

One also adds vertices {c; }1<j<m.

Let p; occurring in ¢;. Then one adds the “detour”:

4

Let —p; occurring in ¢;. Then one adds the “detour”:

4



The Hamiltonian Circuit Problem (4)

Assume v fulfills .
Then one builds a (non Hamiltonian) circuit as follows.
» Start from d.

» If v(p1) = true (resp. false) then go to p1 1 (resp. p1.3m+3) and continue on
the right (resp. left) until p1 3,43 (resp. p1.1);

» lterate this process for i = 2,...,n;

» go to f and back to d.

For all clause ¢;, pick a literal = occurring in ¢; such that v(z) = true.

» If x = p; then change p; 3; — pi3j+1 by Pi3j — ¢ = Dizj+1;

» If x = —Pp; then change Di,3j+1 — Di 35 by Di,3j+1 — Cj — Di,35-



The Hamiltonian Circuit Problem (5)

Assume there exists a Hamiltonian circuit. We claim that:

» starting from d, the circuit goes (in descending order) through the “rows”
from left to right or right to left;

» with exactly one detour per clause.

If the claim is valid then:

» choosing v(p;) = true if the row 7 is crossed from left to right;

» by examination of the detours v = .



The Hamiltonian Circuit Problem (6)

Some impossible Hamiltonian circuits.

‘o

Y



The Hamiltonian Cycle Problem (1)

Let G = (V, E) be a non directed graph with V' = {vg,...,v,_1}.
A Hamiltonian cycle is a permutation o of {0,...,n — 1} such that:
for all 0 < i < n, {Vo(i); Vo(it19%n)} € E

The Hamiltonian cycle problem asks whether a Hamiltonian cycle exists.

The Hamiltonian cycle problem belongs to NP.
» Guess in linear time a mapping o from {0,...,n — 1} to itself.
» Check in polynomial time that ¢ is a permutation.

» Check in linear time that o defines a cycle.



The Hamiltonian Cycle Problem (2)

Let G = (V, E) be a directed graph.
One builds a non directed graph G = (V', E’) as follows.
» Vi={u; lueVAie{l,2,3}};
» B/ = {{uz,v1} | (u,v) € E} U {{u1,ua}, {us,us} | u eV}

() —(2—y
® ) —(—



The Hamiltonian Cycle Problem (3)

Denote V = {0,...,n —1}.

e Assume there is a Hamiltonian circuit of G: (0(0),...,0(n —1)).
By construction, (¢(0)1,0(0)2,0(0)s,...,0(n —1)1,0(n —1)2,0(n —1)3) is a
Hamiltonian cycle of G.

e Assume there is a Hamiltonian cycle of G'.
By construction, for all uw € V' either uy,usg, usz or us, us, u; occurs in the cycle.

W.l.o.g. assume that the cycle starts with 01, 02, O3.
By induction the cycle cannot revert this order since there is no edge {us,vs}.

So the cycle can be denoted (¢(0)1,05(0)2,0(0)s,...,0(n —1)1,0(n — 1)2,0(n — 1)3)
implying that o defines a circuit in G.



The Subset Sum Problem (1)

Let {v1,...,v,,w} be n+ 1 integers.

The subset sum problem asks whether there exists I C {1,...,n} such that:
S
iel

The subset sum problem belongs to NP.

» Guess I in linear time;

» Compute >_._;v; in linear time;

icl

» Check whether >"._;v; = w in linear time.

iel



The Subset Sum Problem (2)

Let ¢ be a 3CNF formula with m clauses {c;};<. and n atomic propositions
b1, Pn-

Build the numbers {v1, ..., va, 1o, } written with n 4+ m digits where we consider
that every digit is associated either with a clause or a proposition.
Given a number z, z[j] is the j** digit of z.

» for all i <, for all j < n, ve;_1[j] = vai[j] = li=;

» for all i <mn, for all j <m,

1. if p; occurs in ¢; then va;—1[n + j] =1 else vai_1[n + j] = 0;
2. if —p; occurs in ¢; then vgi[n + j] =1 else vai[n + j] = 0;

» for all i <m, for all j <n+m, vanyoi—1[j] = von+2ild] = Lnti=;-

For all j <n, w[j] =1 and for all n < j < n+m, w[j] =3.



The Subset Sum Problem (3)

The table describes the different numbers with digits from left to right.
Here we have supposed that p; occurs in ¢; and —p; occurs in cy.

1 i n |n+l n+j5 n+k n+m

V2i—1 0 1 0 1 0
V2; 0 1 0 0 1
Von42j—1,V2n425 | **° o - 0 1 0 0

w 1 ... 1 3 3




The Subset Sum Problem (4)

e Assume v = .
Then define I by:

» If v(p;) = true then 2i — 1 € [ else 2i € I,

» Let 1 <f; <3 be the number of literals of ¢; satisfied by v.
1. if4; <3then2n+25—-1¢€1I;
2. ift; =1 then 2n+2j € I.

It is routine to check, digit by digit, that >_._,; v; = w.

i€l
e Assume there exists I such that
Observe that, whatever I, ).,
Thus for all 1 < ¢ < n, either vg;_1 or vy; but not both belongs to I.

ier Vi = W.

v; does not rise a carry.

Define v by v(p;) = true if vy;—1 € I.
Let ¢; be a clause. Since there are only two numbers in {v;};52, with 1 in the
n + j'" digit there is a v; with j < 2n and j € I with 1 in the n + j" digit.

» If j =2t —1 then p; occurs in ¢; and v(p;) = true so v(c;) = true;

» If j = 2i then —p; occurs in ¢; and v(p;) = false so v(c¢;j) = true.



The Subset Sum Problem (4)

The subset sum problem is pseudo-polynomial. i.e. polynomial when the integers
are written in unary.

The following algorithm operates in O(nw).

For i from 1 to w do T[i] + false
T[0] + true
For i from 1 to n do

For j from w — v; downto 0 do

If T[j] then T[j + v;] + true

Return T[w)




The Weighted Graph Problem (1)

Let G = (V, E) be a directed graph and p: E — N a weight on edges.
The weight of a path (vg,...,v,) is (additively) defined by >, . p(vs, vit1).

Given G, p, s,t € V and a € N, the weighted graph problem asks whether there
exists a path from s to ¢t whose weight is a.

This problem is NP-hard by reduction from the subset sum problem.

O O S wr &,
v 0 Un 0

A shortest path from s to ¢ of weight a may have (exponential) length:

Vifa+1) -1

So guessing a path does not show that this problem belongs to NP!



The Weighted Graph Problem (2)

The Parikh image v, € NF of a path p € E* is the vector who counts the
occurrence of edges in p inductively defined by:
vele] =0, for € # e, vy e] = vyer[e] and viele] = v, [e] + 1

The support Supp(v) of a vector v € N¥ is defined by:
Supp(v) ={e € E | v[e] > 0}

Let E' C E, Gg: = (Vgs, E') the graph induced by E' is defined by:
Ve = {v,v" | (v,v') € E'}

Euler Lemma. Let G = (V, E) be a graph, s #t € V and v € N¥.
Then v is the Parikh image of path from s to t if and only if:

> G gupp(v) is connected;

> Dswer VIS W =143, ger Vi(u, s))

> Z(u,t)eE vi(u,t)] =1+ Z(t,u)eE v[(t,u)];

> Forall w g {51}, g yep VI w)] = X e viw, ).
The necessity of the conditions is straightforward.



The Weighted Graph Problem (3)

Assume that v satisfies the hypotheses of Euler Lemma.

e Build a path starting from s.
Iterate the following process until blocking.

» Let u be the current end of the path;
» If there is an edge e = (u,u’) in Supp(v) then concatenate e to the path;

» Decrement vle].

Looking at the hypotheses of Euler Lemma,
the last vertex of the path is ¢.

e If v =0 we are done.

e Otherwise, by connectivity, there is an edge (u,u') € Supp(v) with u belonging
to the path.

Repeat the previous process.

Looking at the hypotheses of Euler Lemma,
this new path is a cycle that can be added to the path.

e By iteration, one builds a path p with v, = v.



The Weighted Graph Problem (4)
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The Weighted Graph Problem (5)

A non deterministic polynomial time algorithm
A vertex is visited by a shortest path of weight a from s to ¢ at most a + 1 times.
1. Guess a vector v € [0,a + 1]E.
2. Check the conditions of Euler Lemma.

3. Check that ) ., vie]p(e) = a.
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Savitch Theorem (1)

Let G = (V, E) be a directed graph and s £t € V.
Then the existence of a path from s to ¢ is decidable in space O(log?(|V|)).

Reach(u, v, ¢)
If ¢ <1return(u=vV (u,v) € E)
For w € V do
If Reach(u, w, | £]) A Reach(w, v, [£]) return(true)
return(false)
Reach(s, t,|V| —1)

At most [log(|V])] nested calls of Reach.
u,v,w, £ are represented in space O(log(|V|)).

Warning: This algorithm does not operate in polynomial time.



Savitch Theorem (2)

For all measure function f(n) > log(n), NSPACE(f(n)) C SPACE(f?(n)). ‘

Proof.

Let M be a NTM operating in non deterministic space f(n) on a word w of size n.
W.l.o.g. there is a single accepting configuration.

Define M’, a DTM that operates as follows on w.

e Compute f(n)

e Execute a modified Savitch algorithm to check the reachability of the accepting
configuration from the initial configuration in the configuration graph G .-

The modification consists in replacing the test (u,v) € E by u = v

avoiding to build Gaq,-

Corollary: NPSPACE = PSPACE
Warning: This does not imply NLOGSPACE = LOGSPACE.



Quantified Boolean Formula (QBF)

A quantified boolean formula ¢ is inductively defined by:
» © may be true, false or an atomic proposition;

> =1, =1V, © =1 A py where @1, py are QBF;

» @ =3p ¢1, p = Vp p1, where ¢1 is a QBF and p is an atomic proposition
not quantified in (.

Let v be an interpretation. Then v may be extended to QBF as follows.

> v(op1) =S (en);

> V(1 Vp2) = V(v(p1), v(p2));
> v(p1 Apa) = A (p1), v(p2));
> v(3p 1) = V(v(pi[true/p]), v(p:[false/p]));
> v(Vp 1) = A(v(p1[true/p]), v(p1[false/p])).

Quantifiers may be pushed at the beginning of the formula (prenex form):

» —dp o = Vp —p;
» (Ip ¢) A0 =3q (©lg/p] A 0) where ¢ does not occur in ¢ and 6.
> etc.



Evaluation of a QBF

An occurrence of a proposition is either under the scope of a quantifier or free.

A closed QBF is a QBF where all occurrences of propositions are quantified.

The truth value of a closed QBF is independent of the interpretation.

EvalQBF(Q1p1 ... Qupn 1)
If n =0 then return(EvalCons(1)))
by < EvalQBF(Qaps . .. Qnpn [true/p;])
by < EvalQBF(Q2ps . . . Qupn ¥[false/p;])
If Q1 = 3 then return(b; or bs) else return(b; and b)

This algorithm operates in polynomial space.
So the (closed) QBF evaluation problem belongs to PSPACE.

We will prove that (closed) QBF evaluation problem is PSPACE-hard.



A Reduction for PSPACE-hardness (1)

Let M be a DTM operating in polynomial space p(n) where n is the size of the
input w.
We code a configuration by the following propositions indexed by some x:

» For all ¢ € Q, ¢% is true if the state is g;
» For all 0 < i < p(n), i* is true if the position of the head is i;
» Forall 0 <i < p(n),a €%, a¥ is true if the i'" cell contains a.

The set of these propositions is denoted x and also {x;};< (via some renaming).
Observe that m = O(p(n)).

Let c be a configuration. The interpretation of x corresponding to ¢ is denoted v/2.

We define a QBF formula ¢; with free propositions x and y such that for all
configurations ¢, c':

» Letting v be defined by v(x) = vZ(x) and v(y) = v (y);

» v(p;) = true iff ¢ is reachable from c in at most 2¢ steps;

» For all v/ such that v/(x) = % (x) and v/ (p;) = true there exists a
configuration ¢” such that v/(y) = v, (y).



A Reduction for PSPACE-hardness (2)

Equality of configurations

Let 0 = A

i<m

A step of M
Let 6(q,a) = (nq(q, a),nalq,a),dp(q, a)).

Let ¢ be the conjunction of the subformulas:

>

>

For all i,a —i* = af < a!

For all i,q,a i* A ¢* A af = nq(q,a)? Ana(q,a)? A (i + dp(q,a))?
with a conjunctive clause of the conclusion substituted by false
when i + dp(q,a) & [0,p(n)].

Forall ¢ # ¢' —¢" Vv =(q')*
For all i # i’ —i¥ vV —=(i')¥

For all a # a/, for all i, ~a? V —a’¥

Then Yo = 0V ’(/)



A Reduction for PSPACE-hardness (3)

The formula ;41 guesses an intermediate configuration.

First attempt.
i1 = 3z @i[z/y] A pi[z/X]

Problem: the size of ;41 is twice the size of ;.

Using a logical trick.

Yir1 =FzVtVu (t=xAu=2z)V(t=zAu=y)= pt/x,u/y]

The formula corresponding to the reduction is @, [Ve, /X, Ve, /Y]
where ¢ (resp. cy) is the initial (resp. accepting) configuration.



Another PSPACE-complete problem

The QBF evaluation problem where ¢ = Q1p1 ... Qnpn ¥
with ¢ in 3CNF is PSPACE-complete.

Proof.

Let ¢ = Q1p1 ... Qnpn 0 be a QBF formula.

Let ¢ be the 3CNF formula of the reduction for 3SAT starting from 6.
Let x1,...,x,, be the additional propositions of 1.

Our previous proof establishes that § = 3z ...z, .

Thus ¢ = Q1p1 ... Qnpn 1 ... JT), Y.



The Universality of Regular Languages

Let X be an alphabet. A regular expression E is inductively defined by:
» Fis,eoracy;
» Eis E1 + Ey, By - Es, Ef where E;, E5 are regular expressions.

The regular language L(E) C ¥* is inductively defined by:
L(e) = {e}, L(a) = {a};
(E1 +E2) L(E1> UL(EQ);
(E1 Eg) = {w1w2 ‘ wy € L(El) N wy € L(EQ)};
L(EY) ={w1...w, | Vi <nw; € L(Ey)}.

The universability problem for a regular expression E asks whether L(E) = ¥*.



Solving the Universality Problem (1)

Build a non deterministic automaton Ag that accepts L(E).

Ae Aq Ap,
e @ —O
Ap; @ Ag, 4B,
@ O O
Agp, Ag,
a AEI‘E2 (5 ¢ L(EQ)) a
Ap, Ag,

O O——=0




Solving the Universality Problem (2)

Let Ag be the complementary automaton of Ag
obtained by the determinization procedure.

Check in A without building it that L(Ag) # 0.

Let @ the set of states of Ag with Qg the initial states and Qs the final states.

cpt <0
Q'+ Qo
Repeat
If Q' N F =0 return true
cpt < cpt + 1
Guess a € &
Q/ A quQ’ 6((1) a)
until ¢pt = 21°l
return false

Thus the universality problem belongs to NPSPACE = PSPACE.



Universality Problem is PSPACE-hard (1)

Let M be DTM operating in space p(n) on a word w (with w[1] = $§) of size n.
We code a run of M by a word of ¥*:

» Let T be the alphabet of the tape.
Then QT ={¢X | e QANX €T}, A=TUQT and X = AU {t};

» A configuration ¢ = (¢, 4, q) where t is the tape content, ¢ the position of the
head and q is the state is coded by a word ve = vc[1] ... vc[p(n)] with:

1. for all j # i, velj] = t[j];
2. weli] = qtld].

» Arun c;...ci is coded by the word fue, fi. .. fve, b

We build a regular expression E ,, that specifies:

» the words that are not code of runs of M on w;
» the words that are code of non accepting runs of M on w.

Thus L(Ea ) = X" if and only if w is not accepted by M.



Universality Problem is PSPACE-hard (2)

Let us decompose Enq,y = A+ B+ C + D where expressions A, B,C, D
correspond to the possible cases.

1. A denotes the words v that do not contain some letter g;.X;

2. B denotes the words v such that #u., is not a prefix of v;

3. C denotes the words v that have not the following pattern
v = fofuafl . . . fugl where for all i < k:
31 ui| = p(n);
3.2 exactly one letter of v; belongs to QT;
3.3 all other letters of v; belong to T'.

4. D denotes the words v with |v| > 2+ p(n) that cannot contain two successive
configurations of M.

Notations.
» Let S ={s1,...,8:,} C %, S=s1+ -+ sk

» Let E be an expression and k be an integer,
EF=FE.E.---E-E with k occurrences of E.



Universality Problem is PSPACE-hard (3)

Let £, =¥\ {g;X | X € T}. Then A =3%*
Let:
> Eyy =A-3%
> Let 3 = 2\ {gow[1]}. Then By =33, - 5%,
> Forall 2<i<mn,let ;=%\ {w[i]}. Then By, =" . %, - &*;
> Let ¥, = B\ {b}. Then forall n+1<i<p(n), Ey; =" -5, - 3*.
Then B=Ey1+...+ Ey iy +e+ 5+ + S0,
Let:
» Forall 0 <i<p(n)—1, E3; =%*-#-A"- . %* (too short configurations)
> B3 pn)41 = S Ap()+L S (too long configurations)
» Fs=A*+ A" 4. A*+ A.3* 4 5% . A (wrong pattern of )
» Gy =% 4. T* f- 5% 4 3%, Q/QTT* . Z)Tﬁl* (wrong pattern of states)
Then C = E31 + -+ E3 p(n)—1 + B3 p(n)41 + I3 + Gs.



Universality Problem is PSPACE-hard (4)

Assume that a word v codes a run with |[v| > 2 + p(n).

Then for i > 1, v[i + p(n) + 1] = fam(v]i — 1ov[i]v[i + 1))
for some function that only depends on M.
(arbitrarily defined for triples that cannot occur in runs)

Let gas from 33 to 2% defined by gas(abe) = £\ {far(abe)}

Let Dype = 3% -a-b-c- 2PM ~g/\7(Ec)~i*
Then D = ZabceES Dabc-

It is routine to check that E is built in polynomial time.
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Horn Normal Form (HNF)

Let ¢ be a CNF formula. Then ¢ is in HNF if for all clause % of ¢:

» either ¢» = —p; V-V —pg V ¢ (a positive literal)
equivalently ) = (p1 A -+ Apr) = ¢

» either ¢ = —py V- - V =y, (no positive literal)
equivalently ¢ = (p1 A --- A pi) = false

Hy = pi A--- A pyg is the hypothesis. When k = 0, H = true.
q or false is the conclusion, denoted Cy.

Example.

e=M@PIN(pPp=gAN({pPAg=r1)A(rAs= false)

 is satisfiable: v(p) = v(q) = v(r) = true and v(r) = false.

‘The HORNSAT problem asks whether a HNF formula is satisfiable. ‘




Solving HORNSAT

Clauses < Clauses,; For p € Prop, do v(p) = L
Repeat
Invariant: Every v/ |= ¢ extends v.
Invariant: v(y) = true for ¢ € Clauses, \ Clauses.
Invariant: For all p € Prop,, v(p) = true or v(p) = L.
done + true
For ¢ € Clauses do
If v(Hy) = true then
If C,, = false then return false
v(Cy) < true; Clauses <— Clauses \ {1}; done + false
Until done
Assertion: For all ¢ € Clauses, there exists p € Hy, with v(¢) = L
For p € Prop, do if v(p) = L then v(p) = false
return v

Thus HORNSAT belongs to PTIME.



HORNSAT is PTIME-hard (1)

Let M be a DTM operating in polynomial time p(n) where n is the size of the
input w.

We code a configuration at time j < p(n) by the following propositions:

» Forall g € Q, ¢/ is true if the state is q;
» For all 0 <i < p(n), i/ is true if the position of the head is ;

> Forall 0 <i < p(n),a € %, al is true if the i*" cell contains a.

We denote s/ the set of these propositions.

Given a configuration ¢ of M operating on w, v/ is the interpretation of s/
corresponding to c.
The formula @4 is a conjunction of subformulas among them for all j < p(n):
> forall ¢ # ¢’ € Q, —~¢7 vV =(¢)’;
» forall i <4’ < p(n), =i v —(i')7;
» for all i < p(n) and for all a # a’ € &, —al V —(a’)?.
These subformulas ensure that, given an interpretation v = @ aq .,
for all j, there is at most one configuration ¢/ such that v(s?) = v, (s7).



HORNSAT is PTIME-hard (2)

The following subformulas are related to initial and final configurations:
;510 10 @0 0 0 10 0
ginit®, 17, 8%, w(l]}, ..., wlnly, bnyys - 000, qaccP()
These subformulas ensure that, given an interpretation v = @ g4,

c? is defined and is the initial configuration

and, if defined, 2™ is an accepting configuration.

Let 6(q,a) = (nq(q, a),nalq,a),dp(q,a)). The following subformulas are related
to the steps of M. For all j < p(n), i < p(n), a € 2

> i Valv-al T i val vaal, i val T v —alt i val T v -l
» forall g € Q, (¢7 AT A ag) = nq(q,a)? 1 A (i + dp(q,a))i T Ana(q, a)g+1
with the conclusion substituted by false when i + dp(q, a) ¢ [0, p(n)].

These subformulas ensure that, given an interpretation v = OM,w
for all j < p(n), if ¢/ is defined then ¢! is defined and ¢/ — ¢ ¢/t
cz;(n)

e Thus if v = . then Y, ..., are all defined and correspond to an

accepting run for w.

0

e Conversely assume c?,...,c”("™ is an accepting run.

Then v, defined for all j by: v(s?) = v, (s?), satisfies .



HORNSAT is PTIME-hard (3)

The construction of ¢y, is performed in LOGSPACE.
For instance to generate the subformulas,
for all j < p(n), i <p(n), ¢€Q, ac€:

(¢ A Aal) = nglg,a)™ A i+ dp(g,a))’ ™ Ana(g,a)]™
The algorithm consists in four nested loops where:

» The sizes of ¢ and j belong to O(log(p(n))) = O(log(n));
» The sizes of g and a belong to O(1).



3HORNSAT is PTIME-hard

Let ¢ be a HNF formula. Build ¢’ as follows. For all clause 1):

» If o= (p1 A+ Ap) = g then

¢’ has clauses (p1 A pa) = ca, (ca Aps) = cs, ...

» If » = (p1 A -+ A pi) = false then

¢’ has clauses (p1 A pa) = ca, (ca Aps) = cs, ...

where cs,...,cr_1 are new propositions.
Sketch of proof.
Let o= (pr A Apr) = q.

e Assume v(yp) = true. Extend v to v/’ as follows.

If v(Hy) = true then v/(cz) = --- = 1/(¢x) = true.
Otherwise let ¢ be the first ¢ with v(p;) = false
If i <2 then v/(c2) = =1'(c;;) = false

(Ch—1 ANpK) = ¢

, (ck—1 A pr) = false.

else for j < i then v(c;) = true and for j > i, v(c;) = false

e Assume /(') = true.
If for some 4, v/ (p;) = false then /(¢)) = true.

Otherwise by induction, for all i, v’(¢;) = true implying v/(q) = true.



Solving the Closure Problem
Let (G, e) be a finite set equipped with a binary law.
Let H C G, the closure of H denoted CI(H) is the smallest set such that:
» HCCIUH),
» foralla,be Ci(H), aob e Ci(H).

The closure problem asks given (G,e), H C G and g € G whether g € CI(H).

CH+ H
Repeat

If ¢ € CH then return true

done < true

For ¢’,¢" € CH do

If ¢ e ¢g"” ¢ CH then
CH + CHU{g e g"}; done + false

Until done
return false




The Closure Problem is PTIME-hard (1)

One reduces 3HORNSAT to the closure problem.
Let ¢ be a formula in 3HNF.
Let ¥ = \/,c; £i be a clause. The components of v are {{;}ics with J C I.

The reduction
The items of G are the components of clauses of ¢ and a special item $.
There are at most eight components per original clause.

The commutative law e is defined as follows.

» If u={p} and v = {-p}UC then uev =C,
(if v ={-p} then C =10)

» Otherwise uev =§.

g="0and H = {{li}ic1 | V;c; i is a clause of }.



The Closure Problem is PTIME-hard (2)

Correctness of the reduction.

e Assume there exists v with v(p) = true.

By induction, for all {¢;}ic; € CI(H), v(\;c ;i) = true.
Thus the empty set cannot belong to CI(H).

e Assume the empty set does not belong to CI(H).

Define v(p) = true iff {p} € CI(H).

o Let » = —p1 V —pa V —p3 be a clause of ¢ with v(¢) = false.
Then {p1}, {p2} and {ps} belong to CI(H).

Since {p1} o ({p2} ® ({ps} ® {—p1, P2, Pp3})) is the empty set, this yields a
contradiction.

o Let ¢ = —p; V —p2 V ¢ be a clause of ¢ with v(¢) = false.
Then {p1} and {p2} belong to CI(H) and {q} does not belong to CI(H).
Since {p1} o ({p2} ® {=p1, w2, ¢}) = {a}-
So {q} € CI(H) yielding a contradiction.
Why this reduction does not work for 3SAT?



Reachability in non Deterministic Graph

A non deterministic graph G = (V, A) is defined by vertices V and triples A C V3.
Interpretation. From u, choosing (u,v,w) € A leads to either v or w.
Let W C V. Then Reach(W) is the smallest set such that:

» W C Reach(W);
» For all (u,v,w), if {v,w} C Reach(W) then u € Reach(W).
Given G, W and s € V, the reachability problem asks whether s € Reach(W).

Z W
Repeat
If s € Z then return true
done < true
For (u,v,w) € A do
Ifud¢ ZA{v,w} CZ then
Z «+ Z U{u},; done + false
Until done
return false

Reduction from the closure problem. (u,v,w) € A iff u = v e w.



Context-Free Grammars

A context-free grammar G is defined by:
» a terminal alphabet ¥;
» a non terminal alphabet I' including an axiom S;

» a set of production rules R where T'— w € R implies T' € I" and
we (XUul)*

The languages {L(G,T)}rer are mutually inductively defined by:

» If T — wis a rule with w € ¥* then w € L(G,T);
» SIT — weTiwy ... Towy, is a rule

with w; € ¥*, T; € T and u; € L(G, T;)

then woug ... uyw, € L(G,T).



A Context-Free Grammar

A grammar for arithmetic expressions.
>={(),+,-,0,...,9} and T' = {E, T, F'} with E the axiom.

An expression is a sum of terms.

E—-T|E+T

A term is a product of factors.

T—F|T-F

A factor is a digit or an expression in parentheses.
F—=0|1]2]...19](E)

To obtain (3+5)-2:
E-T—>T - F>F-F—>F-2—(E)-2—>(T+E)-2—=(T+1T)-2
S (T+EF)- 2= (T+5)-2—=(F+5)-2— (3+5)-2



The Emptiness Problem Belongs to PTIME

The emptiness problem asks whether L(G, S) = 0.

Let Prod(G) ={T | L(G,T) # 0}.

Prod < ()
Repeat

If S € Prod then return true

done < true

For T — woTiw, ... T,w, € R do

If T ¢ Prod AN{Th,...,T,} C Prod then
Prod < Prod U {T},; done + false

Until done

return false




The Emptiness Problem is PTIME-hard

Reduction of the closure problem.
Let ((G,e),g,H) be a closure problem.

Then the context-free grammar is built as follows.
» X is irrelevant (and can be empty).
» '=G.
» The axiom is g.
» The production rules are defined by:

{u—=vwlu=vewtJ{u—c|ue H}

The correction is immediate.



Boolean Circuits

A boolean circuit is a acyclic directed graph where vertices are called gates.

» A gate has an identifier
defined according to some topological sort of the graph;
» A gate has some incoming edges called the inputs;

» In addition a gate has a type: false, true, A, V.

A circuit has the following restrictions:
» Gate 0 is the single false-typed gate and has no input;
» Gate 1 is the single true-typed gate and has no input;

» All other gates have at least one input.

The boolean values Val of the gates are inductively defined by:
» Val(0) = false, Val(1) = true;

» Let g be a V-gate with inputs {g; }i<x.
If all Vial(g;) are defined then Val(g) = V<, Val(g:)

» Let g be a A-gate with inputs {g; }i<k.
If all Vial(g;) are defined then Val(g) = A\, Val(g:)



A Boolean Circuit

@ rue

|:: false 3; true

(|
false



The Circuit Value Problem

Let C be a circuit and out be a gate of C.
The circuit value problem asks for Val(out).

We assume that the circuit representation gates are ordered
w.r.t. some topological sort of the graph.

A polynomial time algorithm for the circuit value problem.

For g € C do
Case ip(g) of
false : Vallg] + false;
true : Val[g] < true;
V: Vallg] + \/heln(g) Vallh];
A Vallg] + /\heln(g) Vallh];

It remains polynomial time with other gate types: —, =, etc.



From Closure to Circuits (1)
Let ((G,e), H,g) be a closure problem with n = |G/|.
Let Cl;(H) defined for i from 0 to n:
Clo(H)=H and Cl;41(H) ={z | Jy,z € Cl;(H) x =y oz} UCI;(H).
If Cli1(H) = Cli(H) then for all j > i, CL;(H) = Cl;(H).
Thus Cl,,(H) = CI(H) where n = |G|.

The circuit has the following gates.

» Forall0<i<nandzx € G, V-gates (i, z) evaluate to true iff z € Cl;(H);
» Forall 1 <i<nandy,z¢e G A-gates (i,y, z) evaluate to true iff
{y,z} C Cli_1(H).
Gate out is (n, g).

The inputs of the gates are:
» For all z, (0,z) has an input : true (resp. false) if z € H (resp. = ¢ H);

» For all z and i > 1, (4, z) has the following inputs : (i — 1, ) and all (i,y, 2)
such that x =y e 2;

» For all y, z, (4,9, 2z) has two inputs : (i — 1,y) and (i — 1, 2).



From Closure to Circuits (2)

Let ((G,e), H,g) be a closure problem with n = |G|.
The reduction algorithm.

Write(id : 0); Write(¢p : false); Write(id : 1); Write(tp : true)
For x € G do
Write(id : (0,2)); Write(tp : V)
If © € H then Write(in : 1) else Write(in : 0)
For i from 1 to n do
For y,z € G do
Write(id : (i,y, z)); Write(tp : A); Write(in : (i — 1,y)); Write(in : (i — 1, 2))
For z € G do
Write(id : (i,x)); Write(tp : V); Write(in : (i — 1,x))
For y,z € G do
If =y ez then Write(in : (i,y, 2))
Write(out : (n, g))
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The Reachability Problem in Graphs

Let G = (V, E) be a graph and s, t two vertices.
The reachability problem asks whether there is a path in G from s to t.

Solving the reachability problem.

U4 S

cpt +— 0

Repeat
If u =t return true
If there is no (u,v) € E return false
guess (u,v) € E;

U4 v
cpt «— cpt + 1
Until cpt = n

return false

This algorithm operates non deterministically in logarithmic space.



Reachability Problem is NLOGSPACE-hard

Let M be a NTM operating in space log(n) on a word w with size n.
W.l.o.g there is a single accepting configuration.

A configuration is given by the position of the two heads (O(log(n)) and
O(log(log(n)))), the state (O(1)), and the working tape content (O(log(n))).

The input word is not required.

The output of the reduction.

The reachability problem has the configuration graph and the initial and accepting
configurations as inputs.

The space complexity of the reduction.
» The reduction algorithm writes the number of configurations

which can be computed in O(log(n)).

» Then it performs a loop indexed by configuration ¢ to build the edges
outgoing c.

» Thus it needs the space for two configurations (and some overhead)

in O(log(n)).



Summary for Language Problems

Emptiness Universality

Non Deterministic Automata | NLOGSPACE-complete | PSPACE-complete

Context-Free Grammars PTIME-complete Undecidable

The undecidability result will be proven in the formal language lectures.



Non Deterministic Computations
A computing NTM M is a NTM with an output tape.

M (non deterministically) computes function f if for all word w:

» For all accepting runs on w, the output tape contains f(w);

» There is at least one accepting run on w.

Example.
Assume that in w there is an unknown letter that occurs more than %
Guess a € X
cpt <0
For i from 1 to n do
If w[i] = a then cpt < cpt + 1

If cpt > % then return cpt else return reject



The Number of Reachable Configurations

Let M be a NTM that operates in log(n) on a word w of size n.
Then there is a NTM M’ that operates in O(log(n))
counting the number of reachable configurations by M on w.

Compute the size of a configuration of M on word w; d - 0; N < 1
Repeat
OldN < N; N < 0 % oldN is the t of configurations reachable with at most d steps
For current € Conf ,,, do % check if current is reachable with at most d + 1 steps
acc < false; cpt < 0 % cpt controls the validity of the guesses
For local € Conf 4 ,, do % check if local is reachable with at most d steps
Guess a run o from init to local with at most d steps
without computing the configuration graph.
If o is found then
cpt < cept + 1
If local = current or local — s current then
N < N + 1; acc < true; break
End For
If not acc and cpt < OldN then reject % some guesses were wrong
End For
d—d+1
Until N = OldN
Return N



NLOGSPACE=coNLOGSPACE

Let M be a NTM that operates in log(n) on a word w of size n. Then there is
a NTM M/’ that operates in O(log(n)) that accepts w iff M rejects w.

Compute the size of a configuration of M on word w
d+0; N«+1
Repeat
OldN <~ N; N <0
For current € Conf ,, ., do
acc <+ false; cpt < 0
For local € Conf 4 ,, do
Guess a run o from init to local with at most d steps
If o is found then
cpt < cpt + 1
If local = current or local —aq current then
If current is accepting then reject
N < N + 1; acc < true; break
End For
If not acc and cpt < OldN then reject
End For
d+—d+1
Until N = OldN
accept
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Deterministic Space Hierarchy (1)

Let f(n) > log(n) and g(n) > log(n) two measure functions fulfilling:

lim inf m =0

n— oo g(n)
Then there exists a language L accepted by a DTM operating on w in space
g(|w|) but by no DTM operating on w in space f(|w|).

Thus, NLOGSPACE C LOG2SPACE ¢ PSPACE ¢ EXPSPACE.

We consider representations of DTM such that for all M, there exists n4 with:

» for all n > n, there exists M,, a representation of M of size n;

» for instance pick an arbitrary representation M. Then npq = | M|+ 1;

» and ]\Zn = 1" mMOM,



Deterministic Space Hierarchy (2)

Let U be a DTM that takes as input w and works as follows.
It has a special working tape managing a counter.

Let n = |w|, then:

» U computes g(n).

» U marks all its working tapes at position g(n) with some symbol
so that it (possibly) later stops and rejects when reading it.

» If w is not the representation of a DTM then U rejects.

Otherwise assume w = M, for some k with 1y = |Q], n¢ the number of
working tapes of M and n, = |Z ).
> U initializes its counter to ngf(n)™ [log(n + 1)]nat! ™.
» U simulates the run of M on w decrementing its counter after any step.
» U stops and rejects if the counter equals 0.

» When the simulation ends, U rejects iff M accepts.



Deterministic Space Hierarchy (3)

e The initial value of this counter strictly bounds the maximal number of steps
that M can perform if it operates in space f(n).

Given a DTM M, this counter uses space O(f(n)).

e Let L be the language accepted par U.

By construction, U operates in space g(n).

e Assume that L is accepted by a DTM M operating in space f(n).
The simulation of M requires space O(f(n)).
Using liminf,, s % = 0, one selects some k enough large

such that on ka U achieves the simulation of M.

Thus M accepts Mk iff U rejects it, yielding a contradiction.



Deterministic Time Hierarchy

Let f(n) > n and g(n) > n two measure functions fulfilling:

lim inf —f(n) log(f(n)) =0and lim 7g(n) =00

n—o0 g(n) n—oo 1
Then there exists a language L accepted by a DTM operating on w in time
g(Jw]) but by no DTM operating on w in time f(|w]).




Non Deterministic Time Hierarchy

Let f(n) > n and g(n) > n two measure functions fulfilling:

1
lim M:Oand lim M:oo
n—oo  g(n) n—oo 1N
Then there exists a language L accepted by a NTM operating on w in time
g(Jw|) but by no NTM operating on w in time f(Jw|).
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